Jiaoyang Huang — Edge Statistics of Sparse Random Graphs Week 2 - HW 04

2026 RMT Summer School
Edge Statistics of Sparse Random Graphs (Jiaoyang Huang)

Combined Homework Solutions (HW0-HW4)

Selected participant solutions

Homework 0 | Due: 11:00 pm, Sunday (June 21)

Use the random-matrix sign convention for the Stieltjes transform

my(z) = /R ! p(dx), zeCt.

T —z
Problem 1 (Stieltjes Transforms of Measures). Let p be a finite positive Borel measure on R.

(a) Let P,(t) = 7 'n/(t*> + n?). Show that

and use this to prove the Stieltjes inversion formula for intervals whose endpoints are continuity
points of u: If @ < b are continuity points of u, then

b

1
p((a, b)) =lim— [ Imm,(E +in)dE. (1)
no0 T Jq

(b) Suppose p, and p are probability measures and m,, — m,, uniformly on compact subsets of
C*. Prove that pu, = pu.

(c) Verify that
—z+Vz2 -4
2

satisfies 1 4+ 2z msc(2) + mgc(2)? = 0, where the branch of the square root is chosen so that
V2?2 —4 ~ z as |z| = co. Show that Immg.(2) > 0 for z € CT, and recover the semicircle

Mmge(z) =

density
0sc(E) = 42;E2 1(-2< E<2), (2)
from the boundary values of mg.(2).
Solution
(a) For z = E +1n,
1 r—E+in

Therefore

ilmmu(E—l—in):/Ri(E_:)Z_i_nZu(dx):/RPn(E—x)u(dx).
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Consequently, by Tonelli’s theorem,

b
1/ Imm#(E—i-i?])dE:/RKn(x)'u(dw)v

™

where

b
1 b— —
K,(z):= | Py(E—z)dE = — | arctan T arctan =2 ).
n n - 7 7
a

Asn |0,
1
K”](x) — 1(a,b)(x) + §l{a7b}(x>'

Moreover, 0 < K, < 1. Since a and b are continuity points of u, u({a}) = p({0}) = 0.
Dominated convergence therefore gives

b

1
lim— [ Imm,(E +in)dE = p((a,b)).
no ™ J,

(b) We first prove tightness. For Y > 0,

YQ

Y Immy, (1Y) = T2 Y? Hn

(dz).

Since p is a probability measure, Y Imm,, (1Y) = 1 as ¥ — oo. Given € > 0, choose Y’
so that
1 -YImm,(iY) <e.

The assumed convergence at 7Y implies that, for all sufficiently large n,
1 —-YImm,,(iY) < 2e.

For R>Y,

A

R?+Y? z?
i) > RY) < T [ o ()

2 Y2
S %(1 — Y Immy, (iY)) < 4e.

Increasing R if necessary handles the finitely many remaining indices, so (uy) is tight.

Now take any subsequence. By tightness, it has a further subsequence, still denoted
(tn, ), such that u,, = v for some probability measure v. For each z € C*, the function
x + (z — 2z)~! is bounded and continuous, hence

my(z) = klingo My, (2) = mu(z).
Part (a) shows that the Stieltjes transform uniquely determines a finite measure, so v = p.
Thus every subsequence has a further subsequence converging weakly to u, and therefore

[, = [
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(c) Put s(2) = V22 — 4 and mg.(2) = (s(2) — 2)/2. Since s(2)? = 2% — 4, direct substitution
gives
Mee(2)2 + 2mge(2) +1 = 0.

The chosen branch satisfies

s(2) :z@:z—i—FO(MS), Mg (2) :—%+O(|Z|73)'

In particular, Im mgc(iy) > 0 for all sufficiently large y. If Im mg.(2) = 0 at some z € Ct,
then ms.(z) € R\ {0} and the quadratic equation yields

1

R
T2 =

2= —mg(z) —

a contradiction. Since C™ is connected, it follows that Immg.(z) > 0 throughout C*.

The boundary values of the chosen square root are
E? — 4, E > 2,
lgfols(E—i-in) =1iV/4—E2?, |E|<2,
—VE2 -4, E< -2.

Hence
1 ) — E?
léﬁ)lglmmsc(E-i-’L?]) = o 1{\E‘|<2}-
The Stieltjes inversion formula therefore recovers
4 — B2
QSC(E) = 27 1[—2,2}(E)'
T

Problem 2 (Point Processes and Correlation Functions). A point process on R is a random locally
finite Borel measure of the form
§= Z 0x;5

el
where (K) < oo almost surely for every compact K C R. We will usually assume the process is

simple, meaning no point has multiplicity greater than one.
For k > 1, its k-th factorial moment measure «y is defined by

#
/Rk . o) onldey - di) =E Y F(Xas. o Xip),

115050k

for all nonnegative Borel f, where 27& means the sum is over ordered k-tuples of distinct indices.
If oy, is absolutely continuous with respect to Lebesgue measure, its density py, is called the k-point
correlation function:

ag(dey -+ - dxy) = pr(z1, ..., z) dey - - - dog,.
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Equivalently,

#*
E Z f(lea7sz)—/ka($17a$k)Pk(xla7xk)d$1d$k

(a) For bounded Borel sets By, Bg, express
Elg(B1)],  E[E(B1)(B)]

in terms of «aq, as, and the diagonal contribution.

(b) Assume that Ee*(5) < oo for every compact K C R and every t > 0. Let f € C.(R) with
f >0, and set g = e~/ — 1. Starting from

[T+ g()),

el

derive the expansion of the Laplace functional

Le(f) :ZEeXp<—/fd€> ,

in terms of the factorial moment measures «y.
(c) Explain why the collection {ay}x>1 determines all joint distributions of count vectors

(&(B1),-.-,&(Bm))
for bounded Borel sets By, ..., By,.

( Solution

(a) By definition,
£(B1) = Y 1p,(X),

il
SO

E[6(By)] = / 15, () 01 (d) = n (By).

R
For the second moment, split the double sum into off-diagonal and diagonal terms:

§(BDE(B2) = > 1B, (Xi)15,(X;) + > 1Bins, (X0)-
i#] i

Taking expectations gives

E[f(Bl)f(Bg)] = a2(B1 X Bg) + 061<Bl N Bg).

(b) Let K = supp f. Since K is compact and ¢ is locally finite, {(K) < oo almost surely. Also,
g = 0 outside K, so the product below is finite for every realization. Since 1+ g = e~ 7,

[[a+9@)=]]e"™ :exp<—/fdg>.

€L z€€
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Expanding the finite product gives
© 4 #
[[a+e@) =1+ 5 > 9(Xi)9(X).

el k=1 Tl yeeeylk

The factor 1/k! converts the ordered distinct k-tuples into the unordered subsets arising
in the product expansion. Moreover,

o o #
S L3 Jo) g3 < exlllll £ ().
E=0 " i1,...,i

and the right-hand side is integrable by the exponential-moment assumption. We may
therefore take expectations term by term. Using the definition of ag,

=14 Z o / (x1) - g(xk) ax(dzy - - - dzy).

Equivalently,

00 k
= Zl:‘/ H — 1 Odk(dl'l dxk)
g

Jj=1

Solution

(c) Let By,..., By be bounded Borel sets. Refine them into finitely many disjoint bounded
Borel atoms Ay, ..., A, so that every Bj is a union of some of the A;. Each {(B;) is then
a fixed sum of the atom counts

Ni = g(A’L)) 1 S?:ST,

so it is enough to determine the joint law of (N, ..., N;).

Choose a compact set K containing | J; A;. The exponential-moment hypothesis implies

E exp (tZNZ) < Eef) < o0 (t>0).

=1

Consequently, the joint probability generating function

G(z1,...,2r) = E [szN’]
i=1

is entire on C". Put u; = z; — 1 and define

T
= Z uily, (z)
=1
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Because the A; are disjoint,

G(l4u,...,1+u) =E]](1+ gu(x)).
el

Applying the expansion from part (b), which is valid for this bounded Borel function by
the same domination argument, gives

o) k
1
G+, u) =1+ Y o [ TLoulen) an(dar - doy).
k=1 R =y

Thus the collection {ay}r>1 determines G in a neighborhood of (1,...,1). Since G is
entire, it determines G everywhere. Its Taylor coefficients at the origin are precisely the
joint probabilities

P(Nl = nl,...,Nr = nr),

so the joint law of (IVy,..., N,), and hence that of ({(B1),...,&(Bm)), is determined.

Good Solutions 6
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Homework 1 | Due: 11:00 pm, Monday (June 22)

Problem 1 (Tridiagonal Model for GOE). Let H be an N x N GOE matrix. Equivalently,

1
H=——A,
VN

where A is real symmetric, A;; ~ N(0,1) for i < j, A;; ~ N(0,2), and the upper-triangular entries
are independent.

(a) Let z € R™ be nonzero. Recall the construction of a Householder reflection R = I — 2uu”
such that Rx = ||z||e;. Verify that R is orthogonal and symmetric.

(b) Write

v B
Choose an orthogonal matrix Ry € O(N — 1) with Ryjv = ||v||e1, and set Q1 = diag(1, Ry).

Show that Iolle?
r ([ a v|lef
AQr = <||v\e1 RlBR1T>'

(c) Use the orthogonal invariance of the GOE to show that, conditionally on v, the lower-right
(N —1) x (N — 1) block R BRI has the same distribution as B and is independent of a and
||v]|. Identify the distributions of a and ||v]|.

T
A:(“ v ) acR, veR¥"! B=pT

(d) Iterate the preceding step. Prove that A is orthogonally conjugate to a random tridiagonal

matrix
9 XN-1
XN-1 92 XN-2
Ty = XN-2 g3 - :
. ' X1
X1 9N
where ¢1,...,gn are independent N(0,2) variables, the x;’s are independent chi random

variables with k degrees of freedom, and all these variables are mutually independent.

Solution

T

(a) Let u be a unit vector and R = I — 2uu”. Since uu’ is symmetric,

R" =R.
Moreover,
RTR=R? =T — 4uu” + du(uTu)u® =1,
so R is orthogonal.
For the usual Householder construction, when x # ||z|/e1, set

w
w:=x — ||z|le1, U= —.
[[w]]

Good Solutions 7
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As

1
whe = [lal* = flzllz = S lw]?,
we obtain -
Rz = w—Qqu; =z —w=|zles.
[[]]

In the degenerate case x = ||z||e1, one may take R = I (or, when m > 2, any Householder
reflector whose normal is perpendicular to eq).

(b) Direct block multiplication gives

r (1 0\ /[a o7\ (1 0
@ AQr = (0 Ri)\v B)\0 RT
- a UTR{
o Rlv RlBR? ’
Since Rjv = ||v||e1, we also have vTRlT = (Rlv)T = HvHelT. Hence

r [ a l|v]lef
Q1 AQr = <||vHel RiBRT )

(c) Condition on v. Then R; = R;(v) is deterministic, while B remains an independent
(N —1) x (N — 1) GOE matrix. Orthogonal invariance therefore yields

K3

B RlT B conditionally on v.

The conditional law on the left does not depend on v. Thus Ry BRT is independent of v,
and in particular independent of ||v||. It is also independent of a, because a is independent
of (v, B). Consequently, a, ||v||, and Ry BRI are mutually independent.

Finally,
1/2

N
a=Au~N©02), o= 4h| ~xv-1,
j=2

since the entries of v are independent N (0, 1) variables.

Solution

(d) We iterate the preceding decomposition. After » — 1 steps, the unexposed lower-right
block C}_1 has size N — r + 1, has the GOE law, and is independent of all previously

exposed variables. Write
Cr—l = (gT wz) )
wy By,

gr ~ N(0,2), wy ~ N(0,In_p).

where

Good Solutions 8
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Qr = diag(I,, R,).
Part (c), applied inside C;_1, shows that conjugation by @r exposes

[wr]| ~ XN—r

Continuing for r =1,..., N — 1 and setting

Q:=Qn-1--Q1,
we obtain
g1 XN-1
XN-1 g2 XN-2
QAQT = XN—2 g3
' X1
X1 9N

are mutually independent.

Choose R, € O(N —r) with R,w, = ||w,||e1, and extend it to the full space by

as the next off-diagonal entry and leaves an independent GOE block C, of size N — r.

At each stage, the newly exposed pair (g, xn—r) is independent of the remaining GOE
block and of all variables exposed earlier. Hence the g,’s, the x;’s, and all cross-families

Problem 2 (Loop Equations for the Gaussian 5-Ensemble). For this problem, fix 5 > 0 and work

with the Gaussian -ensemble on RY, whose density is given by

1 AN &
PNB(ALL - AN) = 7 H |Xi — >\j|ﬂexp<—4 ZA?) -
=1

N.B 1<icj<N

For z € C\ R, define the empirical Stieltjes transform

(a) Show that

1 N
onlogpr () = A3 —— — BNy
Deduce the integration-by-parts identity
N
EY (03 Fi(N) + Fi(X) Oy, logpx s ()] = 0
i=1

for sufficiently regular functions F; for which the boundary terms vanish.

(b) Apply part (a) with F;(\) = (\; — 2)~! to derive the first loop equation

IE[mN(z)2 +zmn(2) + 1+ i (2 — 1> asz(z)] =0.

N\p

Good Solutions
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(c) Let p > 2, and let 2, 29,..., 2, € C\ R, with z # z; for j > 2. Prove the rank-p loop equation

E (mN(z)2+sz(z)+1+]1V<;—1>a my(z )HmN z;)

mn(z) — mn(z; B
g 2| (2 ) [T | -
k#]

If 2z = z;, interpret the difference quotient by its analytic continuation.

Solution

(a) Taking logarithms in (3),

N
BN
logpn g(A) = —log Zn g+ 3 Z log|A\; — A\j| — e Z)\f

1<i<j<N
Therefore BN
O logpns(\) =B N )\ 7&'-
JFi

For admissible Fj;, integration of a total derivative gives

/R S 0 (Fpws(N) dn

N
=1

Using
Oy, (Fipn,g) = (O, Fi + F; 0y, logpn g) PN,3

and the assumed vanishing of the boundary terms yields

N
E Z (05, F5(\) + F5(\) 9y, log py g(\)] = 0.

Solution

(b) Set r; = (A\; — 2)~L. Applying part (a) with F; = r; gives

0=E —Zr +5ZA7A ;VZAm

i#]
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Pairing the (¢,7) and (j,7) terms,

i# T T i<

Moreover,

Zrz Nmpy(z ZT’?:Nasz(z), Z)\ ri =N+ zNmp(z).

Substitution gives

2
—ﬁ%(l—i-zm]v( ))]

Factoring —3N?/2 proves

E [mN(z)2 + zmpy(2) +1+ % (2 - 1) 8sz(z)] = 0.

B
Solution
(c) Set
1 P P
ri(w) = N’ P = HmN(zj), Bl o= H mpy(zk),
7j=2 k=2
ks
and write L /o
L(2) := my(2)? + 2mp(2) + 1+ N <5 — 1) 9.mn(z).
The pointwise algebra in part (b) gives
N
N2
Z +7“,, ) Oy, logpN”g()\)] = —BTL( ).
=1
Applying part (a) with F;(A) = r;(2)P therefore yields
N
BN?
0=———E[L(z)P] + E;ri(z) O, P

Good Solutions 11
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Since dy,mn (zj) = —N~1r;i(2;)?,
N P 1 N
Zn(z) BAZ,P = — Z (N Z ri(z)n(zj)2> Pj.
=1 Jj=2 =1
For w # z,
N
my(z) —my(w) 1 ‘
—w = N;“@')“@”%
and hence N
my(z) —my(w) 1~ 2
Ow —w =N ;TZ(Z)TZ(ZU)

Substituting w = z; and multiplying the integration-by-parts identity by —2/(8N?) gives
exactly (5).

The difference quotient has a removable singularity at w = z: its analytic continuation

satisfies
my(z) —my(w)|  _ m(2), By my(z) —my(w)|  _

1
zZ—w =55 Z—-w w=z 2

This is the required interpretation when z; = 2.

Good Solutions
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Homework 2 | Due: 11:00 pm, Tuesday (June 23)

Setup

Throughout this homework, H = Hy is a real symmetric Wigner matrix. The entries (H;j)1<i<j<n
are independent, the diagonal entries are independent of the off-diagonal entries, and

EH,;; =0, EH;, = % (i <), EHZ < %
Assume the uniform moment condition
E|Hl-j|2pgﬁ, 1<i<j<N,peN.
NP
For z = E +in € CT, define
G(z):= (H —2)7!, mpy(z) = %trG(z).

The semicircle Stieltjes transform is

—z+ V22 —4

5 Immgc(2) > 0,

Mmge(z) =
or equivalently
14 2mge(2) + mee(2)? = 0.

Set
p(z) == Immg(2), K(E) = ||E| — 2.

For fixed § > 0, work on the spectral domain
Ds:={E+in:Ee[-3,3], N1 <pn<1}.
We use stochastic domination: X <Y means that for all e, D > 0,
P(X > N°Y)< NP

for all sufficiently large N. All stochastic domination estimates below should be understood uni-
formly in the relevant indices and spectral parameters.
The only problem in this homework is to prove the following weak local law.

Theorem 1 (Weak local semicircle law). Fiz § > 0. Uniformly for z = E + in € Dy,

[ (2) = mso(2)| < (N) =4,

and

max|Gyi(z) — mee(2)] < (Ng) "4

Good Solutions 13
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Lemma 1 (Quadratic concentration; use without proof). Let x1,...,zp be independent centered
real random variables satisfying

Ezi =N~  Elzg/* <C,NP (peN).

Let A = (Ay)) € CMXM pe deterministic, or random but independent of x = (x1,...,xp). Then

1 1 ) 1/2
;kaklxl - N;Akk =< (NQtrAA ) .

Lemma 2 (Stability of the quadratic equation; use without proof). Let z = E+in, where E € [—3, 3]
and 0 <n < 1. Then

Z 4 2mge(z) = V 22 — 4, |2 4+ 2mge(2)| < V/E(E) + 1.
Let uw € CT, assume |u| < C, and set
ri=1+ zu+ u’

If |lu — mge(2)| < co, where co > 0 is a sufficiently small constant, then

7|
u—me(2)] <C < Cv/|rl.
| ) VEE)+n+ /|| Il

If n < 1, the same conclusion holds without the a priori assumption |u — mg.(2)| < co, provided |r|
is sufficiently small and v € CT.

Problem 1 (Proof of the Weak Local Law). For a set T C {1,...,N}, let H") be the minor
obtained by removing rows and columns in 7', and let

GO (z) .= HT) - 2)~1,

Write G = GA) | and use the normalization

i 1 ;
mgv) (2) == N tr GO (2).

Sums with a superscript (i) are over indices different from i. For this problem, fix z € Ds, and write
A(z) :== |mn(2) — mge(2)]-
(a) Prove the Ward identity

S1Gis (o) = R,

Prove also the Schur complement identities
eV Y.
Gii z my + 1,
where
- (i) 1 : (i)
e ;HlkaZZ Hyi — 5 tr av, Y= Hiyj — Zi + my — my .

Then average over i to show the random self-consistent equation

1
%

Good Solutions 14
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(b) Assume the a priori bounds
A § Co, InaX|G”| S C(].
(2

Prove the single-site estimate

Ip+A 1
mZaX|Ti\ < Q, Q= p]—\i7_77+]\777'

In your proof, use the supplied quadratic concentration estimate, Ward’s identity for the
minor, and the rank-one estimate

jmy —m@ < <
Nn

(¢) Under the same a priori bounds, prove the one-step averaged estimate

1
Imn(z) — mee(2)] < W.

Your proof should use the self-consistent equation from part (a), the estimate from part (b),
and the stability lemma above.

(d) Under the same a priori bounds, prove the diagonal estimate

1
m;@X|Gii(Z) — msc(2)] < W

(e) Establish the initial estimate at scale n = 1. More precisely, show that for E € [-3, 3],
Imn(E + 1) — mse(E +14)| < NV,

and
max|Gii(E + 1) — mge(E + )| < N~V4,

Hint: start from the deterministic resolvent bound ||G(E + i)|| < 1, and repeat the Schur
complement argument.

(f) Complete the bootstrap from 7 = 1 down to n = N~'+%. Use the lattice
L= {—3 FaNT5 4 i(1 - bN5) :a,be Zsg, 0<a< 6N, N0 <1 pN=5 < 1} ,
together with the Lipschitz bounds
0:Gij(2)| <072 [@mn(2) <07 [8mse(z)] < O

Explain why a union bound over £ and the one-step estimate from parts (b)—(d) prove the
weak local law uniformly on Ds:

—1/4 ~1/4.

Ima(2) = mse(2)] < (Nn) max|Gii(2) — mse(2)] < (N1)

Good Solutions 15
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Solution

(a) Since H is real symmetric, write its spectral decomposition as

N *
* U’Oéua
H = azl)\auaua, G(Z) = . )\ai—
Hence
-3 et
and therefore
S ) o N )
IG5 = (66 = 3 e,
j=1 a=1
On the other hand,
N N .
. 1 |ua (i)
Im Gii(z) = o(D)]?Tm ———— = :

This proves the Ward identity

371Gy (o)) = Cl)
F n

To obtain the Schur complement identity, isolate the ith row and column of H — z. The
Schur complement formula gives

(%)

Gf —sz_z_szkG Hy;
i "l

:H“ z—m%)—Z,
=—z—mpny+7T;.

Multiplying by G;; yields
1+ 2Gy + myGy; = T,Gy.

Averaging over ¢ now gives

1
%

Good Solutions 16
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Solution

(b) From

Y, =Hy;—Z; +my — mg\lf)7
it suffices to estimate the three terms on the right. The moment assumptions and a union

bound imply

max| Hi| < N~1/2.
(2

Moreover, uniformly for E € [-3,3] and 0 < n < 1,

2
p(2) _/ de > en,

—92 ($—E)2+772
so N~1/2 < C+\/p/(Nn) < CQ.

Conditioning on H® and applying quadratic concentration gives
1 ‘ ‘ 1/2
| Z| < <N2trG(’)(G(’))*> .
The Ward identity for the minor implies

tr GO (GW)* = ! Im tr G® = N Immg\z,)
n Uj

By the rank-one estimate,

. . C
Immg\? <Immpy + |m§\z,) —my|<p+A+—.

Nn
Consequently,
1/2
p+A o
Zi| < | ——
. < N7 +N2772>
< ﬂ i =
Nn  Nn
Finally,

C
< — < 0ON.
Combining these estimates, uniformly in i,
max| ;| < €.
K3
(c) Set
= 1+sz+m?\,.
By part (a), part (b), and the a priori bound on the diagonal resolvent entries,

1
Ir| < —Z|T Gl < Q.

i
Since A < ¢y, p < C, and Ny > N‘S7 we have
Q< (Ng) ™2 4 (N~ < ()T,
The stability lemma, applied with u = my, therefore yields
[mv(2) = msc(2)| < CV/Ir| < (Nm) =4,

Good Solutions 17
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Solution

(d) The Schur complement identity and the semicircle equation give

1
—=—z—mny+ Ty, = —% — Tl
Gy Msc
Subtracting,
1 1
— — = —(my —ms) + 1.
Gii Msc ( N SC) !
Equivalently,

Gi; — Mge = Giimsc((mN — Mgc) — Tz)
Since max;|Gii| < Cp and |msc(2)| < C on the domain, parts (b) and (c) imply
max |Gy — mge| < C <|mN — M| + max|Ti|)

< (Np) ™Vt 4+ Q < (Np) TV

Solution

(e) Fix z = E +i. The deterministic resolvent bound gives

IGEE+)I <1, max|Gyi(E+4)[<1,  |my(E+i)<1.
(2

We repeat the estimates in part (b), now without assuming a priori closeness to mg.. The
diagonal moment bound gives max;|H;;| < N~'/2, and the rank-one estimate gives

N O
m%ax|mN mN|_N.

For the quadratic term, quadratic concentration and Ward’s identity for the minor yield

AN 1/2

1 ] ] 12 Imm(z)

) il (@) ( (@) y* _ N
|Z;| < <N2 tr G\ (G\Y) > < N .

Since |G (E + )| < 1, we have 0 < Imm%) < 1, and hence

max|Z;| < N71/2,
(2
Thus
max|T;| < N~1/2.
K3

Using the self-consistent equation and max;|G;| < 1,

1
114 zmy 4+ m%| < ~ > IiGiil < NTV2,

7

Here my € CT and |my| < 1. Since = 1, the second part of the stability lemma applies
without an a priori bound on |my — mgc|, and gives

Imy(E + i) — mee(E +14)] < N~V/4,
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Finally, the identity from part (d), together with |G| < 1, |mg| < C, and max;| ;| <

N—1/2_ gives
max|Gi; (E 4 i) — mge(E +1)| < N™V4,
(2
Solution
(f) Write
Zap = —3+ aN~=° + M, mi=1— bN 5.
The lattice has polynomial size, |£| = O(N'?), so all pointwise stochastic-domination

estimates below may be made simultaneous on £ by choosing the failure exponent larger
and applying a union bound.

At b = 0, part (e), followed by a union bound over the O(NN?®) choices of a, gives the desired
estimates along the top row of the lattice. We now proceed downwards by induction on
b. Suppose the weak local law holds on row b, and let
2= Zab, 7= Za,b+1-
The Lipschitz bounds give
Imn (2') = mee(2)] < [mav(2) — mse(2)] + [my (2) — mu (2)] + [msc(2') — mse(2))]
< |mn(2) = mse(2)| + CN~°n 2y,

and similarly

m?x\Gii(z') —mge(2')] < mzaX|G7;7;(z) — mge(2)| + CN_577b_+21.

Choose the small exponent in the definition of stochastic domination below ¢/4. Since
(Nﬁb)fl/zl < N—9/4, N7577b_+21 < N—3-2
the induction hypothesis implies, for all sufficiently large IV, the a priori bounds
Imn(2") — msc.(2')] < co, miax\Gii(z')| < Cp.

Parts (b)—(d) may therefore be applied at 2/, and they reset the estimates to

—1/4
)

my (2) = mse(2)] < (N7b41) max|Gii(2') = mse(#)] < (Npp1) ™%,

This completes the induction. Because there are only O(N'?) lattice points and stochastic
domination allows an arbitrarily large failure exponent, a union bound proves the two
estimates uniformly on L.

Finally, take any z = E+in € Ds and choose 29 € £ with |2—zp| < 2N°. The imaginary
parts of z and zy are comparable, and the Lipschitz bounds imply

Imn(2) — my(20)] + [Mse(2) — mge(20)| < CN "3~ 2 < CN737%,
The same estimate holds for each G;;. Since
N—3-26 _ O((N?’])_l/4)
uniformly on Dg, the lattice estimates extend to the whole domain:

~1/4 ~1/4

Ima(2) — mse(2)] < (Nn) max|Gii(2) — mse(2)] < (N1)
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Homework 3 | Due: 11:00 pm, Wednesday (June 24)

Setup
Fix f > 0. The Gaussian -ensemble is the probability measure on RY with density
N
1 BN
|8 _PtY 2
g =1

For 2 = E +in € C*, set

1L 1
s(z) :=mp(z) = N ; N
Let
m(z) :=msc(2) = _Z+2Z2_4, m(z)? 4+ zm(z) +1 =0, Imm(z) > 0.

Define the self-consistent error
P(z) :=s(2)® + zs(2) + 1.

Throughout the homework, fix x > 0 and work in the bulk domain
|E| <2 — &, 0<n<1.

All constants may depend on S and k, but not on N, 7, z, or the even moment q.
We shall start from the rank-p loop equation derived in Homework 1: for z,22,...,2, € C\ R,

E <s(z)2 +25(2)+1+ ;(; - 1) OzS(z)> li[ZS(Zj)

2 ol 5 =5 G|
+5N2Z SI— Hs(zk) =0.
7j=2 k=2
k#j
Problem 1 (High-Moment Local Law for the Gaussian S-Ensemble). Let ¢ > 2 be an even integer.

(a) Derive the recursive high-moment identity for P(z). Define

awM’ w# z,

f(z,w) == row
1 " _
35 (2), w=z

Prove that for ¢ > 4,
BlPGI = - (5 - 1) B[ eper e PE
- 202 Ve[, 2)25() + 2) PP
g i -
— WE[f(z,z)@s(z) +2)|P(2)]77?] .

For ¢ = 2, interpret the identity with the middle line omitted.
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(b) Derive the moment bound

(Cq)®/?

EIPG)I" <

E(Ims(z) + [2s(z) + 2|)?. (6)
(¢) Prove the bulk stability estimate. Since the real part E is bounded away from the edges 42,
prove the linear stability bound
|s(2) —m(2)| < Cx|P(2)], (7)
and the square-root stability bound
|5(2) = m(2)] < Cu|P(2)] 2. (8)

Finally, deduce that
Ims(z) +[2s(z) + 2| < C,.;(l + ]P(z)\lﬂ) .

(d) Derive the moment recursion

(Cq)?/?

BIPG)I < (s

(1 +E|P(z)|q/2) . (9)

Then use Cauchy—Schwarz to show that, with

one has
E|IP(2)|?<C(A+ Az).

(e) Finish the high-moment local law:

. (Cg)??
Els(z) —m(z)]? < N7

Hint: use both the linear and the square-root stability bounds.

(10)

Solution

(a) Set r = ¢/2 and cg = 2/ — 1. By expanding a polynomial F(z,y) into monomials and
applying the rank-p loop equation with repeated spectral parameters z and w, we obtain

E[P(2)F(s(2), s(w))] = — %E[S’(Z)F(S(Z),S(w))]
2

- W]E[f(za 2) 01 F (s(2), s(w)) + f(z,w) 02F (s(2), s(w))] -

Indeed, when F(z,y) = x%p®, the sum in the loop equation consists of a identical terms
with 2z; = 2 and b identical terms with z; = w, which gives precisely the two derivatives
above.
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Now take w = Z and
F(z,y) ==+ 2z +1)" () +zy + 1)

Since s(z) = s(z), we have
while

Consequently,

E|P()|? = — — <2 _ 1) E[s/(:)P(zy PG|
_2(r

5];21)E {f(z, 2)(2s(z) + z)P(z)T—QW'}

27 - - > q-
- GnaElf (. 2)(2s(2) + D P)IT?]

Since 2r = ¢, this is the stated recursion (with the conjugate term in the last line). For
q = 2, one has r — 1 = 0, so the middle term is absent.

Solution

(b) We first record the elementary Stieltjes-transform derivative estimates. Since

/ . 1 N 1 _ 1 al 1

S(Z)_Nizl()‘i_z)Q, f(z’z)_N;M’
and

L1 1
f(zaz)_N;()\i_z)(Ai_Z)Q’

we have I 21

o < D, yge, 21+ 156, 9) < HAD,
Let

R :=1Ims(z) + |25(2) + z|.
Taking absolute values in part (a), using |2s(Z) + z| = |2s(z) + z|, gives

C Cq

E|P|? < —E[R|P|9 ] + E[R?|P|772].
|P| Nn[l! ] (Nn)2[ |P|9~2]

For the first term, Young’s inequality yields

¢ R|P|T ! <

1 Cc1
Nn 4

Pl4+ — R,
PI+ Ty ®

Good Solutions
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For the second term, when ¢ > 4, Young’s inequality with conjugate exponents q/(q — 2)
and ¢q/2 gives

(Cq)e/?
(Nn)4

Cq
(Nn)?
For ¢ = 2, the same estimate follows directly because |P|9~2 = 1. Taking expectations,
absorbing the two iE|P |7 terms, and enlarging C' gives

R1.

1
R2|PI72 < |P|7 +

(Cq)?/?

EIPG)I < g

E(Ims(z) + |2s(z) + 2|)?.

Solution

(c) Directly from the explicit semicircle transform (or by compactness after including n = 0),

inf Imm(E +in) > ¢, > 0.
|B|<2-r
0<n<l1

Moreover,
P(z) = s(2)® + zs(z) + 1 — (m(2)® + zm(2) + 1)

(s(z) = m(2))(s(z) + m(z) + 2).

Since s(z),m(z),z € Ct,
|s(z) + m(2) + z| > Im(s(z) + m(z) + z) > Imm(z) > cs..

Therefore
|s(2) —m(2)| < Cx|P(2)],
which proves the linear stability estimate.
Write A = s(z) — m(z). Then
P(2) = A% + (2m(z) + 2)A.

The quantity 2m(z) + z is uniformly bounded on the bulk domain, so the linear estimate
gives

|AI* < |P(2)] + [2m(2) + 2] |A] < Ci|P(2)].

Thus
|5(2) —m(2)| < Cx| P(2)]"/*.

Finally, m(z) and 2m(z) + z are uniformly bounded on the same domain, and hence
Ims(z) 4+ |25(2) + 2| < Imm(z) + |s(z) — m(2)| + |2m(z) + 2| + 2|s(z) — m(2)]
<C, (1 + yp(z)\lﬂ) .
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Solution

(d) Combining the moment bound in part (b) with the final estimate in part (c),

(CQ)q/2 1 g
9 < /2
EIPG)" < e B[ Cx (14 1PGI)]
(Ca)*?
< q/2
< e (LHEIP@I),
after enlarging C' to absorb the factors depending on «. This is the claimed moment
recursion.
Set /2
(Cq)*
A= , B :=E|P(2)|1.
e IP(2)

By Cauchy-Schwarz, E|P(2)|%/? < B'/?, and therefore
B < A(1+ BY/?).

Equivalently, with X = B 1/2
X2 _AX - A<0,
SO
A+ VA2 +44A
X<—
- 2
It follows that
E|P(2)|?= B < C(A+ A?).

Solution
(e) Let
q/2
4. (C9)
(Nn)
By part (d),

E|P(2)|9 < C(A+ A?).
The linear stability bound yields
Els(z) — m(2)| < CIEIP(2)|? < CLC(A + A?),
whereas the square-root stability bound and Cauchy—Schwarz give
Els(z) — m(2)|? < CLE|P(=)|*/
< CLEIP(2)|")'/* < CIO(A+ A%)V2.
If A < 1, the first estimate is bounded by CZCA; if A > 1, the second is bounded by

CICA. Enlarging the constant inside (Cq)q/ 2 to absorb the k-dependent factors, we
conclude that

. (Cq)??
E|s(z) —m(z)]? < N7

Good Solutions
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Homework 4 | Due: 11:00 pm, Thursday (June 25)

Setup. Throughout this homework, d > 3 is fixed.

Problem 1 (Local Tree-Likeness in the Configuration Model). Let G‘j\?ﬁlf be the configuration model.
Recall its construction: for each vertex v € [N], create d half-edges attached to v. Then choose a
uniformly random perfect matching of all d/V half-edges. Each matched pair gives an edge between
the two vertices to which the paired half-edges are attached. The result is a random d-regular
multigraph; loops and multiple edges are allowed. For a vertex o, write Br(o, G‘j\?fif) for the radius-
R neighborhood of o0 in this multigraph. A loop or a multiple edge should be counted as creating a
cycle in the explored neighborhood.

Prove the following proposition.

Proposition 1 (Local tree-likeness). Fiz a small constant ¢ > 0 and set
R= Z log;_1 N.

For the random configuration model G‘j\?ff, with probability 1 — o(1), the following hold.
(i) All but at most N€¢ vertices of Gf\?ﬁlf have a tree neighborhood of radius R.

(ii) Every radius-R neighborhood in G‘}\?fif contains at most one cycle.
The following outline may be helpful.

(a) Show that a radius-R ball in a d-regular tree contains at most C'(d—1)% vertices and C(d—1)%
half-edges.

(b) Recall the breadth-first exploration of Br(o, G%%). Initially, only the root o is discovered,
and the first frontier is Fy = {o}. For r = 1, ., R, we look at all unmatched half-edges
incident to the vertices in the current frontier F,._q, that is, to the vertices at distance r — 1
from o. We then expose their partners in the random matching. If the partner of such a
half-edge is incident to a vertex that has not been discovered before, we add this vertex to the
next frontier F,.. We call the step a collision if the partner is incident to an already discovered
vertex, or if two active half-edges are matched to half-edges incident to the same previously
undiscovered vertex. Equivalently, a collision is any event in which the exploration fails to
grow like a tree.

Show that, for a fixed root o, the probability of seeing at least one collision before the radius-R
exploration finishes is at most

C(d—1)E

— N

Deduce that the expected number of vertices whose radius-R neighborhood is not a tree is at
most CN¢/? and prove part (i).

(c) Show that, for a fixed root o, the probability that Bg(o, Gﬁ\?r;lf) contains at least two cycles is
at most

C(d—1)*E
N2

Use a union bound over o € [N] to prove part (ii).
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Solution
Throughout, C' denotes a constant depending only on the fixed degree d, which may change
from line to line. We freely use that (d — 1) = N4 = o(N).
(a) Size of a tree ball. In the infinite d-regular tree the root has d neighbours and every
non-root vertex has d — 1 children, so the number of vertices at distance exactly » > 1 is
d(d —1)"1. Hence
R
d-1)% -1 d
Bpr(o,Ty)| =1 dd—1yt=14a@=Y" L 1 4 4 R<o@-1F
Br(o, Tl =1+ Y dd =1 = 1+ 45— <1+ 575 - )" < 0= D)%
using d > 3 (so ﬁ < 3). Each vertex carries exactly d half-edges, so the ball meets at most
d|Br| < C(d—1)® half-edges. Any graph of maximum degree d has its radius- R ball dominated
by that of the tree, so the bounds
| Br(o, G(f\cz)ﬁlf)! < C(d-1)k, #{half-edges met} < C(d — 1)®
hold deterministically for the explored neighbourhood, irrespective of collisions (collisions only
slow the growth).
(b) Collision probability and part (i). Reveal the matching one pair at a time along
the breadth-first exploration: at each step take an unmatched active half-edge h and expose
its partner m(h), which, conditionally on the history Fs_; before step s, is uniform over the
currently unmatched half-edges. By (a), throughout the exploration:
e the number of reveal steps is at most the number of half-edges met, m < C(d — 1)%;
e a step is a collision exactly when 7(h) is one of the (still unmatched) half-edges incident
to an already-discovered vertex; there are at most d|Bg| < C(d — 1)f of these;
e at least dN — C(d — 1) > dN/2 half-edges remain to be chosen from (for NV large, since
(d—1)% =o(N)).
Hence the conditional collision probability at each step satisfies
cd-1)F _od-1)f
P[collision at step s | Fs—1] < (dN/Q) < ( = ) ,
and a union bound over the m < C(d — 1) steps gives
Cd-1t _ C(d-1)E
P[some collision before radius R] < m - ( ) < ( ) ,
N N
which is the claimed bound. Now Bg(0) is a tree iff no collision occurs, and (d — 1)2% = N¢/2,
so for fixed o,
c/2
P[Bgr(0) not a tree|] < = CN/?*L,
Let X = #{o € [N] : Bg(0) is not a tree}. Then E[X] = >  P[Bgr(0) not a tree] < N -
CN¢/2~1 = CN¢/2, and Markov’s inequality yields
E[X] _
P[X > N < ~e SCON /2 = o(1).
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Thus with probability 1 — o(1) at most N€¢ vertices fail to have a tree radius-R neighbourhood,
proving (i).
(c) Two cycles and part (ii). Each collision creates at most one cycle in the explored
neighbourhood, so “Bpg(0) has > 2 cycles” implies “> 2 collision steps occur.” Let Ag be the
event that step s is a collision; from (b), P[4 | Fs_1] < p := C(d—1)?/N, with m < C(d—1)%
steps. For s < &/,

P[A, N Ay = E[14, P[Ay | Fy_1]] < pP[AS] < P,

SO

) V4R
P[> 2 collisions] < ZIP’[AS NAy] < (?)2?2 < %(C(d - 1)R)2<C(dT71)R> = C(dNQl)

s<s’

Since (d — 1)*% = N¢, this is < CN°2 for each fixed o, and a union bound over o € [N] gives,
using ¢ < 1,
P[30: Br(o) has > 2 cycles] < N - CN2 = CN°! = 0(1).

Hence with probability 1—o(1) every radius- R neighbourhood has at most one cycle, proving (ii).
Parts (i) and (ii) hold simultaneously with probability 1—o(1), establishing the Proposition. [

Problem 2 (Cheeger’s Constant). Let G = (V, E) be a connected d-regular graph with |[V| = n.

Define Py
hg = 05

~ozsev min{|S], [S}
where 05 denotes the set of edges crossing from S to S¢. After labeling the vertices by V =
{1,...,n}, write f; = f(i). The goal is to prove that, for any function f:V — R,

ha D Ifi—fil<n D 1fi—fil- (11)
1<i<j<n {i,j}eE

(a) Relabel the vertices so that
fizfaz- = fn,

and set S :={1,...,k} for 1 <k <mn — 1. Prove the two identities

n—1
ST olfi= £l =D (e = fen) k(n— k)
1<i<j<n k=1
and B
o = £l =D (e = farn)|0Sk]-
{i,j}eE k=1

(b) Use the definition of hg and the two identities above to prove (11).

(c) Suppose f : V — Ris 1-Lipschitz on edges, meaning that |f(u)— f(v)| < 1 for every {u,v} € E.
Let m be a median of f, i.e. a number such that

\{veV:f(v)ﬁm}]Z% and [{veV:f(v)>m} >

SE
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Use (11) to prove that

d
*Z’f m|<7a

veV
Hint: first compare 3, | fi — fj| with 53, f(v) —m].

( Solution

(a) The two identities. Relabel the vertices so that f; > --- > f,,. Then, for i < j,

j—1

fi— il = fi— £ =D _(fx — fr1)-

k=i

Therefore

Z | = il = Z ka_fk+1)1{z‘§k<j}

1<i<j<n 1<i<j<n k=1

- i)(fk o) B d) i < k<)
k=1
n—1

= (fx — fer1)k(n — k).

For an undirected edge {i, 7}, write it with ¢ < j. Applying the same telescoping expansion to
the edge sum gives

n—1
ST fil= D0 ) Uk — fer) i<y
{i,j}€E {i,j}€FE k=1
n—1
(fx — fra)# {5 € E i < Kk <j}.
k=1

The edges counted in the last display are precisely the edges crossing from S = {1,...,k} to
S}.. Hence

n—1
= Fil =D (fr — fre1)|0Sk].
{i,j}€E k=1

(b) Cheeger’s inequality in L'. By the definition of hg, for every 1 <k <n — 1,
|0Sk| > hg min{|Sk|, |SE|} = hg min{k,n — k}.

Moreover , .
min{k,n — k} > M,
n

since, if k <mn — k, then k > k(n — k)/n, and the other case is symmetric. Thus

n|0Sk| > hak(n — k).
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Since fr — fr+1 = 0, multiplying by fr — fr+1, summing in k, and using part (a) gives

ha Z | fi f]!—hcz fe — fre1)k(n — k)

1<i<j<n

I
"II

n

(fk — fr4+1)|0Sk|

—”Z

{i,j}€FE

wM

This is (11).

(c) Median bound for Lipschitz functions. A median m minimizes the convex function

n
x Z |fi — x|
i=1
Consequently, for each j,
n n
STlfi=ml <Y Ifi - £l
i=1 i=1

Summing this inequality over j gives
nZ\fz m| < ZZ\f@ =2 . [&—ih
j=11i=1 1<i<j<n

and hence

%Z’fi*”ﬂ < % S oUfi— £l
i=1

1<i<j<n

Using (11) and the assumption that f is 1-Lipschitz on edges,

n n
Sofi—fl<— Y - fil<—IEl
£ he | 4 ha
1<i<j<n {i,j}€E
Since G is d-regular, |F| = dn/2. Combining the two preceding displays yields
2 n dn d
DMCRE - i
UEV G

as required.
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