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Outline

@ Random Matrices and Local Statistics
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Two Sparse Graph Ensembles

Erdés—Rényi graph G(N, py)

Random graphs with N vertices, where each edge is included independently with
probability py.

Random d-regular graph Gy 4

Uniform probability measure on set of simple d-regular graphs with N vertices.

Erdds-Rényi graph random d-regular graph

For a random graph G on N vertices, denote its adjacency matrix by

Aj = Liinjy-
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Why Care About Spectral Statistics?

o Networks and inference: Outlier eigenvalues and eigenvectors reveal low-rank
signals, planted subgraphs, and community effects.

o Expansion: A family of d-regular graphs is an expander family if its spectral gap
is uniformly bounded away from zero. The spectral gap controls expansion and
mixing.

o Quantum chaos and geometry: Random d-regular graphs provide discrete models
for studying the spectral statistics of chaotic systems and random hyperbolic
surfaces [Monk—Naud'’s talk].

| 'énEXpander?

Peter Sarnak
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Random Matrices

o Wigner matrices were introduced by the physicist Eugene Wigner in the 1950s to

model the energy levels of heavy atomic nuclei.

Gaussian Orthogonal Ensemble (GOE)
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Figure: Bulk and edge eigenvalue statistics
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Random Matrices

We picture a complex nucleus as a
“black box" in which a large num-
ber of particles are interacting ac-
cording to unknown laws.

Freeman Dyson (1962)
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Universality for Wigner Matrices

After rescaling by the local eigenvalue spacing, the limiting statistics depend only on
the symmetry class, not on the entry distribution:

B =1 (real symmetric), B = 2 (complex Hermitian).

o Bulk. For every E € (—2,2),

N

Z ONose(E)(Ni—E) = Sineg.
i=1

Erd8s—Schlein—Yau (2009-11); Tao—Vu (2009); Erdés—Yau-Yin (2012);
Bourgade—-Erdés—Yau-Yin (2016), Aggarwal (2016), Aggarwal-Lopatto—Yau (2018),...

o Edge. The rescaled edge spectrum satisfies

N
DOy, z) = Alrys.
i=1

In particular,

N¥3(A —2) = TWs.
Tracy-Widom (1994, 1996); Soshnikov (1999); Tao—Vu (2010); Erdés—Yau-Yin (2012);
Knowles—Yin (2013); Lee—Yin (2014).

o Challenges for sparse random graphs: Sparsity and degree constraints force
long-range correlations.
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Random d-regular Graph

o Normalize the adjacency matrix: H=A/v/d — 1.
o The eigenvalues of H, \1 =d/v/d—12 X > -+ > \py.

@ The empirical eigenvalue distributions of random d-regular graphs converge to
the Kesten-McKay distribution:
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Figure: The Kesten—McKay distribution and the empirical spectral distribution of a random
4-regular graph on 1000 vertices.

9/24



Ramanujan Graph

Theorem (Alon-Boppana (1986))

For every connected d-regular graph G, there exists a constant Cy4,

Cq

o BB —C
2 diam(G)

@ The diameter of a d-regular graph on N vertices is at least O(log NV). For a
sequence of d-regular graphs on N vertices, liminfy_ oo A2 > 2.
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Ramanujan Graph

Theorem (Alon-Boppana (1986))

For every connected d-regular graph G, there exists a constant Cy4,

Cq

o BB —C
2 diam(G)

@ The diameter of a d-regular graph on N vertices is at least O(log NV). For a
sequence of d-regular graphs on N vertices, liminfy_ oo A2 > 2.

Ramanujan graph (Lubotzky-Phillips-Sarnak (1988))

A d-regular graph on N vertices is called a Ramanujan graph if

[Ail <
|\l <a) /a=T

o Ramanujan graphs are the best possible expanders.

o Let p be a prime with p = 1(mod 4). Lubotzky, Phillips and Sarnak (1988) gave
explicit constructions of Ramanujan graphs with d = p 4 1. Also independently
by Margulis (1988).

@ Marcus, Spielman and Srivastava (2013) proved the existence of infinite families
of bipartite d-regular Ramanujan graphs, using the method of interlacing
polynomials.

o From numerical simulation, it is observed that the distribution of A2, Ay is
well-modeled by the Tracy-Widom; distribution, the asymptotic distribution of
the largest eigenvalue of GOE.
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Edge Statistics

Conjecture (Sarnak (2004), Miller-Novikoff-Sabelli (2006))

Let G be a random d-regular graph on N vertices, then
CIN?P(Ny —2)— C§ — TwWs.

The analogous statement holds for the smallest eigenvalue.
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Figure: The second largest eigenvalue of random 3-regular graphs on 3000 vertices, and GOE;
Percentage that A, < 2 for random 3-regular graphs (from various models).
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Alon's conjecture

It was first a conjecture by Alon (1986) that random d-regular graphs have nearly the
largest possible spectral gaps, A2 = 2 + opn(1).

Theorem (Friedman (2004), Bordenave (2015))

Let G be a random d-regular graphs on N vertices, then with probability 1 — oy(1),

)\2 =2 + ON(].).

@ In the proof of Friedman (2004) and Bordenave (2015), the error term is polylog
small, i.e. (loglog N/ log N)2.

@ Improved to XA, =2+ O(N~¢) for small ¢ > 0 by H.-Yau (2022).

o Chen—Garza-Vargas—Tropp—Van Handel (2024), Chen—Garza-Vargas—van Handel
(2024): new approach to strong convergence [van Handel's Talk], for random
permutation models of d-regular graphs with even d > 4, with probability

170/\/ 1),
. log N 1/6
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Optimal Rigidity and Edge Universality

Theorem (H.-McKenzie-Yau (2024))
Fix d > 3. Define the classical location ~y; of the i-th eigenvalue by

2 .
/ Qd(X)dXZL, 2<i<N.
%i N

Then with probability 1 — O(N~°) eigenvalue rigidity holds:

IAi — il < N30 (min{i, N — i +1})7Y3, 2<i<N.

¢

Theorem (H.-McKenzie-Yau (2024))

Fix d > 3. Let G be a random d-regular graph on N vertices, then

d(d — 1)

(AN)?3(A3 —2) = TW;y, A= W2

The analogous statement holds for the smallest eigenvalue.

.

e For any d > 3, about (83%)? ~ 69% d-regular graphs on N vertices have all
nontrivial eigenvalues bounded in absolute value by 2, i.e. they are Ramanujan
graphs!
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Random d-Regular Graphs: Growing Degree

o Edge universality for growing d:

NE<d<NY3—2  or  NP3tE L d < NJj2.

Bauerschmidt—H.—Knowles—Yau (2019); H.—Yau (2023); He (2022).
o Bulk universality for growing d:

(IOg N)24 <d< N2/3_£.

Bauerschmidt—H.—Knowles—Yau (2017); Landon—Sosoe—Yau (2019); Bourgade-H. (2026).

Fixed-degree bulk conjecture (Jakobson—Miller—Rivin—Rudnick (1999))

For every fixed d > 3, the bulk local statistics converge to the Sine; process.

14 /24



Erdés—Rényi Graphs G(N, py): Growing Degree

Let D := Npp, and consider the normalized adjacency matrix.
@ Bulk universality. For D > N¢, the local bulk statistics converge to Sinej.
Erd8s—Knowles—Yau-Yin (2013); H.—Landon-Yau (2015); Landon—Sosoe-Yau (2019).

o Edge fluctuations. For the largest nontrivial eigenvalue, after the appropriate
scaling,
D > N/3 = TWy,

D = N1/3 = TW; + Gaussian,
Ne <D<« N3 — Gaussian.

After an explicit random recentering L, for all D > N¢,
26N2/3(>\,‘7L) - AiI‘yl.
i

Erd8s—Knowles—Yau-Yin (2013); Lee—Schnelli (2018); H.—Landon—Yau (2020); He—Knowles
(2021); Lee (2022); H.—Yau (2022).
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Erdés—Rényi Graphs G(N, py): Very Sparse Regime

Let D := Npyp, and consider the normalized adjacency matrix.

Poisson statistics and localization at the edge

For
1

- logd—1

the edge eigenvalues have Poisson statistics, and the corresponding eigenvectors are
exponentially localized. Alt—Ducatez—Knowles (2019-2023); Hiesmayr—McKenzie (2023).

(log N)~Y/15 < D < (b. — o(1)) log N, b

Fixed-average-degree bulk conjecture

For sufficiently large fixed D, there exists a nonempty interval / such that, after
restricting G(N, py) to its giant component and removing compactly supported
eigenmodes, the rescaled local eigenvalue statistics in | converge to Sine;.

.

Fyodorov—Mirlin (1991), supersymmetry; Evangelou—Economou (1992), Kleftogiannis—Amanatidis
(2024), numerics.
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Universality of Random Matrix Statistics

o Integrable invariant ensembles: determinantal/Pfaffian formulas, followed by
orthogonal-polynomial or Riemann—Hilbert asymptotics. Mehta—Gaudin (1960);
Dyson (1962); Deift—Kriecherbauer-McLaughlin—Venakides—Zhou (1999); Deift-Gioev
(2007).

@ Moment comparison: Lindeberg replacement for Wigner matrices whose entries
match moments through order four. Tao-Vu (2010, 2011).

o Change of variables / approximate transport: compare a general 3-log gas
directly with a reference ensemble. Shcherbina (2014); Bekerman—Figalli-Guionnet
(2015); Figalli-Guionnet (2016).

o Dynamical three-step approach: i) local law and rigidity, ii) short-time Dyson
Brownian motion, iii) remove the Gaussian perturbation. Erdés-Schlein-Yau (2009,
2011); Erd8s—Yau-Yin (2012); Bourgade—Erdds—Yau-Yin (2016),...[Yau's talk]

Can one characterize random matrix statistics intrinsically?
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Stein's Identity and Loop Equations

Standard Normal variable Local eigenvalue statistics

X ~ N(0,1) Sineﬁ in the bulk, Airyﬁ at the edge

0 e 9o 0 @ 0 0 0 >

Stein’s identity

Standard Normal distribution is characterized by the integration by parts identity
X ~N(0,1) <= E[Xf(X)] = E[f'(X)] for a suitable class f.

OBSERVABLES OBSERVABLES
f:R— R p

Suitable test functions E I | S(Zj)
j=1

Stieltjes-transform moments

Stein’s identity Loop equations
E[Xf(X)] = E[f'(X)] Lp(z1,...,2)=0, p=>1
One identity, valid for every suitable f A hierarchy of equations,
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Edge Loop Equations

@ Loop equations or Schwinger—Dyson equations, are integration-by-parts identities

for Gibbs measures. They form a hierarchy relating moments of Stieltjes

transforms in matrix models. Makeenko-Migdal (1979); Johansson (1998); Eynard

(2004); Borot—Guionnet (2013)...

o Rescaled extreme eigenvalues of GOE converge to the Airy; point process

A1 =Ny > A3 > -, where A1 has Tracy-Widom; distribution. Tracy-Widom (1993,

1994), Ramirez-Rider-Virdg (2006).

Gaussian 3 ensemble Airy 3 point process
n* (N = 2)iz1

© A A A CA A A

@ Denote the normalized Stieltjes transform of the Airyg point process

NN >Ny >0 S(W)N\/WaSW—)OO
s(w) = Z 1 “normalized sum”, w € C*
, .
s Ni—w

The Airy points are precisely the poles of s(w).
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Edge Loop Equations

The first loop equation: for any w € C\ R

E [2 ; p Aws(w) + s(w)? — W:| =0,

Edge loop equations at rank p: for any wi, ws,--- ,wp € C\ R
2-8, P
E (jﬂ Ow, s(w1) + s(wr) —wl)Hs(vvJ-)
£ J:2

(1)
+%1E zpjasz(w s(w;) HS(We =0.

w1 — WJ
Z#J

Theorem (Bourgade-H. (2026))
Assume that 3 > 0 is rational. The full hierarchy of edge loop equations (1) uniquely
characterizes Airy g point process.

o Equivalent to the BBGKY hierarchy at equilibrium, for the logarithmic interaction.
o Inside the bulk, analogous bulk loop equations characterize Sineg point process.

@ These uniqueness results provide a direct route to universality: it suffices to verify
the corresponding approximate loop equations for the ensemble.
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Local Law to Loop Equations

@ Given a random d-regular graph G. Let H be the normalized adjacency matrix,
H=A/Vd-1,
with eigenvalues \1 > X\ > -+ > Ap.

o The Stieltjes transform of the empirical eigenvalue distribution and the
Kesten—McKay distribution og4:

1 1 d—2)z+dvz2—4
my(z) = N; Nz mqy(z) = (d — 1)( 2((d)— 1)z2 — d?)

Proposition (H.-McKenzie-Yau (2024))

Let A(z) = (mpy(2) — my(2)) and A = d(d — 1)/(d — 2)?. Then for any p > 1, and
21,22, -+ ,2p € C\ R close to the right edge 2,

2 8zlmN Z1 2
E |:(A(zl) +2AV/z1 — 2A(z1) + ) [T1aG }

Jj=2

N2 Y Elo, (mN(Zl) my(z) )HA(ZZ) < N—(PH1)/3,
2G<p a=g =2
J

o The scaling limit NY/3A(2 4 w/(AN)?/3)/A%/3 converges to s(w) — \/w in the
microscopic version of loop equations.
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Local Law to Loop Equations

First step Second step Consequence

Local law + rigidity Edge loop equations _) Edge universality

identify the edge
and control eigen-
value locations

derive the hierarchy Airy; /GOE statistics
for Stieltjes transforms for extreme eigenvalues

Local law and rigidity makes the microscopic scale accessible, and the edge
loop-equation hierarchy identifies the Tracy-Widom statistics.
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Summary

@ Random regular graphs. Edge universality holds for random d-regular graphs with
fixed degree. Asymptotically, 69% are Ramanujan.

@ An intrinsic characterization. Loop equations characterize the random matrix
statistics.

o Beyond random matrices. Zeta zeros, quantum chaos, and random surfaces—
universality is still wide open.

Random Graphs Riemann zeta function
adjacency spectrum, zeros / zero spacings
eigenvalue statistics In

o rmonte
s tne

Re(=12

universal
o local
statistics

spacing
Taws <

random igenvalue and
matrix N, o eigenfunction

behavior ‘statistics
Random Hyperbolic Surfaces; \ Chaotic Systems and
Laplacian Eigenfunctions

Laplacian spectrum,
‘geodesic length statistics quantu chaos,
cigenfuncion staistics

Random marix theory
provides universal
statstical behavior

acrossdivense
mathematical and
physcal systems.

Thank you for listening!
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