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Abstract

The purpose of this note is to expose the structure, general strategy, and main ideas of the proof
in [15]. The core of the argument is the derivation of the self-consistent equations and the microscopic
version of the loop equations for random d-regular graphs. We first recall the local law for random
d-regular graphs, and then illustrate the main ideas behind the derivation of the self-consistent equations
and the first loop equation.
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1 Introduction

We give an exposition of the ideas and proofs in [15]. The overall strategy consists of three main compo-
nents:

1. proving concentration for the self-consistent equations, via estimates of the expectations of high mo-
ments of these equations, leading to optimal concentration of eigenvalues;

2. proving a microscopic version of the loop equations, which can be viewed as a refinement of the self-
consistent equations with an additional correction term; and

3. deriving edge universality using the loop equations together with Dyson Brownian motion.

We start in Section 2 by recalling some useful identities for the Green’s function, which are standard
tools in random matrix theory. In Section 3, we recall the local law for random d-regular graphs and related
concepts from the previous work [17].

To illustrate the basic ideas, in this note we only prove estimates for the expectation (first moment) of
the self-consistent equations and derive the first microscopic version of the loop equation. These are stated
in Theorem 4.5. We then derive edge universality using the loop equations in Section 4. The proof of
Theorem 4.5 occupies the remainder of the note.

The key tool is the local resampling procedure in Section 5, which efficiently exploits the randomness
of random d-regular graphs. Local resampling produces an exchangeable pair of random d-regular graphs
(before and after resampling). In Section 6, we explain the basic ideas of proving concentration using
exchangeable pairs, and in Section 7 we discuss how to apply this method in the setting of random d-regular
graphs. It turns out, however, that the resulting error is too weak and far from optimal.

To derive self-consistent equations with optimal error, we need to:

1. develop an iteration mechanism, in which we repeatedly perform local resampling and the error im-
proves at each step (see Section 11);

2. track the terms arising from the iteration by introducing admissible functions and forests in Section 8;

3. for terms depending on the graph after local resampling, rewrite them as functions of the original graph
using either the Schur complement formula (in Section 9) or the Woodbury formula (in Section 10);
and

4. control the errors generated at each iteration step, as done in Section 13.

We remark that the derivation of the estimates for the self-consistent equations and the loop equation are
not independent. The loop equation (as proved in Section 12) essentially follows from identifying the next
order correction to the self-consistent equations.

1.1 Random d-regular graphs

A graph on N vertices [N] = {1,..., N} is d-regular if every vertex has degree d. Necessarily 0 < d < N—1
and dN is even. In this article we mainly consider the uniform model Gy 4: Sample uniformly from the finite
set of all simple (no loops or multiple edges) d-regular graphs on N vertices [N].

Besides the uniform model, several other models are considered in the literature.

Permutation model. When d is even, take d/2 independent uniformly distributed permutations o1,...,04/2
on [N]. The permutation model is the random graph on N vertices obtained by adding an edge {7, 0;(7)}
for each i € [N] and 1 < j < d/2.

Matching model. When N is even, take d independent uniformly distributed perfect matching o, ...,04
on [N]. The matching model is the random graph on N vertices obtained by adding an edge {7, 0;(7)} for
eachi € [N]and 1 <j<d.



These models yield a d-regular multigraph with possible self-loops and multiple edges; conditioning on
simplicity gives the uniform model Gy 4. In this article we mainly discuss the uniform model, but many
results also hold for other models.

We can identify a d-regular graph with its adjacency matrix A. Let G be a simple, undirected random
graph on the vertex set [N] := {1,...,N}. Its adjacency matrix A = (A;;) € {0,1}V*¥ is defined by
A;; = 1if and only if ¢ and j are adjacent. For d-regular graphs, it is immediate that A has a trivial
eigenvalue d with associated eigenvector e = (1,1,...,1)T. Moreover, by the Perron-Frobenius theorem, all
other eigenvalues are bounded in absolute value by d. For convenience, we shall consider the normalized

adjacency matrix
H:=A/vd-1. (1.1)

We denote the eigenvalues of the normalized adjacency matrix H of a d-regular graph G on N vertices as
M =d/V/d—1>= X =--- > Ay. We also introduce the Green’s function and the Stieltjes transform of the
empirical eigenvalue distribution of the normalized adjacency matrix H

N
1 1 1
G = (H —2)"! = = G = — CTt. 1.2
@)= =2 mxle) = § 3G =y o5 e (12)
By local weak convergence, the empirical eigenvalue density of random d-regular graphs converges to that
of the infinite d-regular tree, which is known as the Kesten-McKay distribution; see [19,21]. This density is
given by
1 22\ ' VA= 22
= 1,er- 14— —-— _— 1.3
ule) = Lueaa (14 70 - 5 ) (13)
Note that close to the spectral edge +2, the Kesten-Mckay distribution has square root behavior:
AV2 d(d—-1
v 42 ala) = 22FT o sa), A= WD (1.4)
™ (d—2)?
We denote by mg(z) the Stieltjes transform of the Kesten-McKay distribution g4(z),
d
mq(z) = / M, z € CT :={w e C:Imw] > 0}.
R T—Z
We recall the semicircle distribution gs.(x) and its Stieltjes transform mgc(2):
V4 — x? osc(x)dr —2+V22—4
Qsc(x) = 1x€[72,2] 9 , msc(z) = / SC( ) = . (15)
us R T—Z 2

Explicitly, the Stieltjes transform of the Kesten—-McKay distribution mg4(z) can be expressed in terms of the
Stieltjes transform mgc(2):

) ) B —(d—2)z+dV2—4
) ey ™ T @y

(1.6)

1.2 Main Results

Our main result verifies the edge universality conjecture for random d-regular graphs by Sarnak [24] and
Miller, Novikoff and Sabelli [23].

Theorem 1.1 (Edge eigenvalue universality [15]). Fizd > 3, k > 1 and s1, 82, -+ , s € R, and let A = d(d—
1)/(d—2)? from (1.4). Themd_exjsasionnall ¢ > 0 such that the eigenvalues \y = d//d—12=Xg > -+ = Ay
of the normalized adjacency matriz H of random d-regular graphs satisfy:

Prr ((AN)>200 = 2) 2 51,0+, (AN)>2 s — 2) > )

=Pcor (NQ/B(M —2) =51, N3y —2) > 5k> +O(N79),

{{def_H}}

{{e:G}}

{{e:KMdistrib

{{e:edge_beha
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where (1 = o = --- = un are the eigenvalues of the GOE. The analogous statement holds for the smallest
eigenvalues —AN, ..., —AN—k+1-

When the degree d grows with the size of the graph, edge universality for random d-regular graphs has
been established previously for N2/3+°(1) < ¢ < N/2, by He [14], and for N°() < d < NY/3=°(M) by the
first and third authors of this paper [10], which generalized a result for N2/9to(l) < g < NV/3—o() py
Bauerschmidt, Knowles and the first and third authors of this paper [2].

Theorem 1.1 implies that the fluctuation of the second largest eigenvalue converges to the Tracy-Widom;
distribution. The Tracy-Widom; distribution has about 83% of its mass on the set {z : © < 0}[L1]. Therefore
Theorem 1.1 implies 83% of d-regular graphs have the second eigenvalue less than 2. The proof of Theorem 1.1
can be extended to show that the largest and smallest nontrivial eigenvalues converge in distribution to
independent Tracy-Widom; distributions. As a consequence, we have the following result.

Corollary 1.2 ([15]). Fizd > 3 and N sufficiently large. With probability approzimately 69%, a randomly
sampled d-regular graph has max{\s, |An|} < 2, and is therefore Ramanujan.

1.3 Parameters

In this note we fix the parameters as follows
I<okbkgekgkKl, (1.7)

set B = (¢/4)log,;_; N and choose ¢ such that ¢/log,_; N < b. Below, we describe their meanings and
where they are introduced:

e Many estimates involve bounds containing N° factors, which are harmless.

e b relates to the concentration of Green’s function entries, with errors bounded by N~°, see (3.20) ar{d
(3.21).

For the spectral parameter z € C* in Green’s functions and Stieltjes transforms, we restrict it to
Im[z] > N7178 see (1.8).

£ comes from local resampling in Section 5, we resample boundary edges of balls with radius /.

¢ defines R, and with high probability, random d-regular graphs are tree-like within radius R neigh-
borhoods, see Definition 3.1.

We restrict our analysis to the spectral domain
D={zcCt: N "0 <Im[z] < N"°|Re[z]] <2+ N°}. (1.8)

In the spectral domain D, we impose the conditions Im[z] < N~° and | Re[z]| < 2+ N~°. These constraints
ensure that |mg.(2)] is close to 1, specifically satisfying |[mgc(2)| — 1] < N—°/2,

2 Properties of the Green’s functions

Throughout this paper, we repeatedly use some (well-known) identities for Green’s functions, which we
collect them here.

2.1 Resolvent identity

The following well-known identity is referred as resolvent identity: for two invertible matrices A and B of
the same size, we have

At —-B =AY B-AB'=B"'(B-4)A"" (2.1)

{c:rate}

{{e:parameter

:parameters}

{{e:D}}

{s:Greenf}

{{e:resolv}}



2.2 Woodbury formula

Let A+UCV T be arank r perturbation of A. Namely, U,V € R¥*" and C € R"*". Then, the Woodbury
formula gives us

(A+vucv)yt Al = A lyct+vTATlU)" v AL, (2.2) {{e:woodbury}

2.3 Schur complement formula

Given an N x N matrix H and an index set T C [N], recall that we denote by H|p the T x T-matrix
obtained by restricting H to T, and that by H(™ = H| the matrix obtained by removing the rows and
columns corresponding to indices in T. Thus, for any T C [N], any symmetric matrix H can be written (up
to rearrangement of indices) in the block form

A BT
mels )

with A = H|pr and D = H™. The Schur complement formula asserts that, for any z € C*,

(A-BTGMpB)~1 —(A-BTaMB)~'BTGM

G=(H-2)""'=
-GMBA-BTaMB) ¢M4+GMBA-BTGMB)~'BTGM |’

(2.3) {{e:Schur}}

where G = (D — z)~!. Throughout the paper, we often use the following special cases of (2.3): {e:Schur}

Glr=(A-BTGMpB)~!,
Glppe = _G|’J1‘BTG(T), (2.4) {{e:Schuri}}
Glpe = G + Glror(Glr) ' Glpre = G — G BGl e,
as well as the special case
GirGrj

a =Gy + (GPH) Gy (2.5) {{e:Schurixj}
kk

k
Gy =Gy -

2.4 Ward identity

For any symmetric N x N matrix H, its Green’s function G(z) = (H — z)~! satisfies the Ward iden-
tity

N
Im G,
Z G (2)]? = A GitE) (Z), (2.6) {{e:Ward}}
— n
J
where 17 = Im[z]. This can be deduced from using (2.1) ofeGWar@}*. This identity provides a bound for the
sum Zjvzl |Gi;(2)|? in terms of the diagonal entries of the Green’s function.

3 Local law for random d-regular graphs {s:1ocal_law}

In this section, we present the local law results from [17]. It states that the Green’s function of random
d-regular graphs are approximated by the Green’s function extension with general weights, which are easy
to compute. We introduce the concept of Green’s function extension with general weights in Section 3.2,
and state the local law in Section 3.

3.1 Locally tree-like graphs

Random d-regular graphs are locally tree-like in the sense that each radius O(log,_;(IN)) neighborhoods
is either a truncated tree (contains no cycles), or contains at most one cycle.

Definition 3.1. Fiz d > 3 and a sufficiently small 0 < ¢ < 1, R = (¢/4)logy_1 N as in (1.7). We define
the event Q, where the following occur:

def : omegabar
g



1. The number of vertices that do not have a tree neighborhood of radius R is at most N€.

2. The radius B’ neighborhood of each vertex has an excess (i.e., the number of independent cycles) of at
most 1.

The event Q is a typical event. The following proposition from [17, Proposition 2.1] states that Q holds
with high probability.

Proposition 3.2 ([17, Proposition 2.1]). Q occurs with probability 1 — O(N—1=9)).

As we will see, for graphs G € €, their Green’s functions can be approximated by tree extensions with
overwhelmingly high probability. For the infinite d-regular tree and the infinite (d — 1)-ary tree (trees where
the root has degree d — 1 and all other vertices have degree d), the following proposition computes their
Green’s function explicitly.

Proposition 3.3 ([17, Proposition 2.2]). Let X be the infinite d-reqular tree. For all z € C*, its Green’s
function is
dist x (4,5)
Mg (2
Gij(z) = mq(z) < dE )1) . (3.1)

Let Y be the infinite (d — 1)-ary tree with root vertex o. Its Green’s function is

Gis(2) = ma(2) (1 _ (_m(Z)> Qam(i’jW) (_ mse(2) >disw(i’j) , (3.2)

d—1 d—1

where anc(i, j) is the distance from the common ancestor of the vertices i,j to the root o. In particular,

Goil2) = meo(2) (-”";‘“’i)dm(o’i) . (3.3)

3.2 Green’s function extension with general weights

We recall the notion of a Green’s function extension with general weight A from [17, Section 2.3]. Roughly
speaking, we consider the radius-¢ neighborhood T = By(0,G) of a vertex o in G. Assume it is a tree, then
the boundary vertices of T are leaves (i.e., vertices of degree 1), to each of which we attach a weight —A;
see the left panel of Figure 1. The resulting Green’s function of 7 with these boundary weights is referred
to as the Green’s function extension with general weight A. The following formal definition slightly extend
this idea to allow cycles.

Definition 3.4. Fix degree d > 3, and a graph T with degrees bounded by d. We define the function
P(T,z,A) as follows. We denote A(T) the adjacency matriz of T, D(T) the diagonal matriz of degrees of
T, and I the diagonal matriz indexed by the vertex set T of T. Then

1

P(T,zA) = Y AMVI-1—(dl—DT)A/(d—1)

(3.4)

The matrix P(T,z,A) is the Green’s function of the matrix obtained from A(7)/+/d — 1 by attaching to
each vertex i € T a weight —(d — Dy;(T))A/(d — 1), see the middle panel of Figure 1. When A = mg.(2),
(3.4) is{éh@e€Preen’s function of the tree extension of 7, i.e. extending 7 by attaching copies of infinite
(d — 1)-ary trees to T to make each vertex degree d. If T is a tree, then in this case, the Green’s function
agrees with the Green’s function of the infinite d-regular tree, as in (3.1). For any vertex set X in T, we
define the following Green’s function with vertex X removed, see the right panel of Figure 1. Let A®)(T)
and D®)(T) denote the matrices obtained from A(7), D(T) by removing the row and column associated
with vertex X, and I the diagonal matrix indexed by the vertex set T \ X. The Green’s function is then
defined as:

1

(X) z =
POT 2 8) = m mVa—T - @ - DO )a/d-1)

(3.5)

{lem:omega}

{greentree}

{{e:Gtreemkm}

{{e:Gtreemsc}

{{e:Gtreemsc2

{s:pre}

{def:pdef}

{{e:defP}}

{{e:defPi}}



Figure 1: Left panel: for a truncated d-regular tree T, we attach a weight —A to each leaf vertex; middle
panel: for a general graph T, we attach a weight —(d — D;;(7))/(d — 1) to each vertex; right panel: remove
the vertex set X = {i}.

For any integer £ > 1, we define the functions X,(A, 2), Yz(A, 2) as
Xo(A, 2) = Poo(Be(0,X),2,A),  Yo(A,z) = Poo(Be(0, ), 2, A), (3.6)

where X is the infinite d-regular tree with root vertex o, and Y is the infinite (d — 1)-ary tree with root vertex
0. Then mg.(z) is a fixed point of the function Yy, i.e. Yi(msc(2), 2) = msc(2). Also, Xp(mse(2), z) = ma(2).
The following proposition states that if A is sufficiently close to mg.(z) and w is close to z, then Yy (A, w) is
close to mg.(z), and Xp(A,w) is close to mq(z).

Proposition 3.5. Given z, A, A’ € Ct such that (?|A — mge.(2)|,£2|A" — me.(2)| < 1, then the functions
XZ(sz)aw(sz) satisfy

1—-m2742(2)  d—21-m272(2)

V(A 2) — mee(z) = m2+2 (2)ma(2) ( ) (A — mae(2))?

5 d—1 d—1 1-m2(z) (3.7)
+mie 2 (2)(A = mae(2)) + O] A — mac(2)[%).
and
Xo(A,2) = ma(z) = T TemAmE () (A — maclz)) + O (1A~ mae(2)P). (3.8
Moreover, the difference Yi(A, z) — Yo(A', 2) satisfies
Yi(B,2) — Vi(& ) S A — A, (39

Proof of Proposition 3.5. The proofs for X, and Y, are identical, so we will only provide the proof for Y.
We denote H = By(0,)), which is the truncated (d — 1)-ary tree at level £. We denote its vertex set as H
and normalized adjacency matrix as H. We denote I and I the diagonal matrices, such that for =,y € H,
Lpy = 62y and 19, = 1(disty(x,0) = €)dyy. Then (3.4) gifesvihaerivative}

Y'E(Aaz) = P(Hasz) = (H -2 Aﬂa)il ) P = P(H,Z,msC(Z)) = (H -z msc(z)ﬂa)_l'
In the rest of the proof, we will simply write mgs. = ms.(z). We can compute the Green’s function P(H, z, A)
by a perturbation argument,

-1

P(H,2A) = (H—z—AI°) " = (H — 2 — mgel? + (A — me)1?))

=P+ (A~ my) PI°P)F. (3.10)
k>1

{fig:three-tr

{{def:Y}}

{p:recurbound

{{e:recurboun

{{e:Xrecurbou

{{e:Y1l_deriva

{{e:expansion



With the explicit expression of P as given in (3.3), we cexpansipntp}

20
(P1°P) | ZPoszo S m?, ( Mse — m2t+2 (3.11)
ﬁ sC

LU

where the summation is over 1,1’ such that disty(l,0) = disty(I’,0) = ¢, and there are (d — 1)* values of I.
Moreover, for k > 2 we will show the following two relations for P,

1—m242 g —21— m2t?2
P]I({)P]Iap — 2E+2 sc sc 3.12
( Joo = e ma | =+ 1-m2 )’ (3.12)
(1P1*)o0 < (CEP*2, (3.13)
where for each ¢,j € H, |P|;; := | Py
The relation (3.12) followsdrabswsplicit computation using (3.2) and (3.3)

m 2¢ m 2+2anc(l,l") m disty (1,17)
P, Py Py, = msc . sc m 1— (= sc . sc
S =S () w1 (-F5) ) ()

L N4

_ m§£+2 Z - L < Mee >2+2anc(l,l ) (_ Mee >dist;.¢ "
(d— 1% 2 -1 d_1

= m2+2m, (1 B ( Zli 1>2+2f + Z < (\/mil>2+2(zr)> ( ZLS_C 1)27‘ (d—2)(d— ].)7‘—1)

2£+2md 1— 2£+2 d—21— m§£+2
sc i1 tasiiomL )

=m,

where the summation in the first line is over [,1’ such that disty (I, 0) = disty (', 0) = ¢; in the second to last
line we used that for a given [, there are (d—2)(d—1)"~" values of I’ such that disty(l,1’) = 2r,anc(l,l') = {—r
for 1 <r < ¢ Whenl =10, it holds disty(l,I") = 0,anc(l,l') = £.

To prove (3.13), we show by induction that for any vertex i such that disty(0,4) < ¢,

(C@Qk_2
(d _ 1)distq.t (0,8)/2"

(‘P‘ )oz ~ (3.14)

The statement for k = 1 follows from (3.2). Assinsm¢hiosPitement (3.14) holds for k — 1, we prove it for k,

(1P1*)or = D (1P )il Pl S Z

JEH JEH

Cﬂ)% 4 1

1)distr(0)/2 (d — 1)distnG.i)/2” (3.15)

We denote the path from o to i as P, then |{j € H : disty(j, P) = r}| < £(d — 1)", and for disty(j, P) = r,
we have
1 1 < 1 1
(d — 1)dstn(00)/2 (d — 1)dstnG:/2 ~ (d — 1) (d — 1)distn(o)/2’

In this way, we can reorganize the sum over j in (3.15) adeorididgtooriBrdistance to P,

(Ce)?k— 1
|P| Z Z (d _ 1)distH(o,j)/2 (d _ 1)distH(j,i)/2

r=0 jeH:disty (4,P)=r

oo (Cr)2k—4 1 (Cr)?—2
< . <
~ Z i = disty (j, P) = 7} (d—1)7 (d— 1)dista(0)/2 ~ (g — 1)dista(0:0)/2

r=0

{{e:PBPoo}}

{{e:Pboundary

{{e:Ptotalsum

{{e:induction

{{e:induction



which shows (3.14). The claim (3.13) is a consequence of (3.14)

2k—4
(1PM)ar = 3Pl Pl S Y- (e ! < (C*-,

dlst 0,i)/2 disty (i,0)/2 ~
2 21 #(©)/2 (d — 1)t (0]

The claim (3.7) follows from plugging (3.11), (3.12) and (3.13) into (3.10), and use £?|A — mg.| < 1:

Yi(A, z) = mse(z) = Z(A — mse)*(P(IP)*) 00
k>1
— m22(, 22+2 P
=t (eJmg(e) (4 G ) (A )

+ M2 (2)(A = mee(2)) + Y |A = mge(2) (P o
k>3

The claim (3.9) follows from bounding the derivative
|01Ye (A, 2)] S 2. (3.16) {{e:derivativ

The claim (3.16) followsrfroanitad}ing derivative with respect to A on both sides of (3.10), and plugging in
(3.11) and (3.13)

01Y2(A, 2)] S [(PIPP)oo] + 3 1A = mae F(IPIF2)00 S 14+ CLY (CEIA — myc|)F S 0. (3.17)
k>1 k>1

3.3 Local law of H

To state the local law of H, we recall Q(z), a quantity that was first defined in [3,17], and plays a crucial

role in the proof of local law. The quantity is the average of G;ZJ)(Z) over all pairs of adjacent vertices
i~

Q) = ﬁ S°G0 (). (3.18) {{e:Qsun}}

i~g

For any vertex set X C [N], and integer r > 1, we denote B,.(X,G) = {i € [N] : distg(i,X) < r} the ball
of radius-r around vertices X in G. The weak local law of H = H(0) has been proven in [17, Theorem 4.2],
which is recalled below (by taking (a, b, c,t) = (12,300, ¢, ¢/32)). {thm: prevthmo

Theorem 3.6 ([17, Theorem 4.2]). Fiz any sufficiently small 0 < b < ¢ <1, R = (¢/4)log,;_,(N) and any

z € CT , we define n(z) = Im[z], k(z) = min{| Re[z] — 2|, | Re[z] + 2|}, and the error parameters

Im[mg(2)] n 1
Nn(z)  (Nn(z))*/?

'(z) := (log N!0 (N_lob + ) , e(z):= NGO _:J<Z) —= (3.19) {{e:defepsilo

For any € > 1 and N large enough, with probability at least 1 — O(N~%) with respect to the uniform measure
on £,
Gij(2) = Pij(Bojioo({i, 7}, G), 2, mse(2))], - 1Q(2) = mse(2)], Ima(2) —ma(z)] S e(2). (3.20)  {{eq:infbound

uniformly for every i,j € [N], and any z € C* with Im[z] > (log N)3°°/N. {def : omega}

Definition 3.7. We denote by Q C Q the set of d-regular graphs for which (3.20) hdkds:infboundo}



As a consequence of Theorem 3.6 we have the following statement.

Claim 3.8. Uniformly for every i,j € [N], and any z € C* with |z| < 1/g,Im[z] > N='*% we have the
following bounds:

|Gi(2) — Pij (B j100({1, 5}, G), 2, mse(2)| S N72°, (3.21)
1Q(2) — mue(2)], |mn(2) —ma(2)] S N 2P, :
and for any i,j € [N]
Im[G;;] < N°Im[my(2)] (3.22)
Proof. For Im[z] > N71%¢ thanks to (3.19), {e:Gsize}
e(z) < V/e'(z) < N7, (3.23)
Thus, the claim (3.21) followpidon (HoRnig}

We denote the eigenvectors of H as wi, ua, -+ ,uy. We notice that the first statement in (3.20) implies
that for Im[z] > (log N)3%/N, Im[G;;(2)] < 1. It follows that eigenvectors are delocalized

a2 < (Qog ) /N) TG (A + 1o N /)] 5 (log N/ < N¥/2
Thus (3.22) follows

(uau;)my

N
— 0/2-1 n _ nJ9/2
| Im[G .y (2)]| = 2N <N/ ag B = N°2Im[my(2)]. (3.24)

O

Lemma 3.9. Let z € Ct satisfy |2| < 1/g, and set n:=Imz > N+, Fiz a d-regular graph G € Q (recall
Definition 3.7) and vertices {i,o} in G, and let T = By(0,G) with vertex set T. For any 0 < p < (d —1)°,
take a family of directed edges {(ba,ca)}tacpu], set W = {ba }ac[u], and condition on the event that

Aio H Ap,c., H 1(By2(2,G) is a tree)1(distg(z,y) = R/2) = 1. (3.25)

a€lul z#y€{o,c1,02,....cn}

Then, for any X of the form X € {W, TUW} and any z,y € X, we have
|G§,§)(2) _ngf) (BD‘{/IOO({myy}UX7 g):'zamsc(z)” S Nﬁb? |ImGa(c§§)(z)| SNO ImmN(z), (326)

and for any x € X,

1 2 _ N°Immpy(z) <NV Immpy(z)
v 2 6D s ——F% d > [GEI) s (3.27)
bregX " brcgX K

Proof. We will only prove the case that X = T, the other cases can be proven in the same way, so we omit.
From the Schur complement formula (2.4), We lGest}

G =G -G(Gr) G, (3.28)

We denote T = By(0,G) and P = P(Bx /100(T U{z,y},G), z,msc(2)). Then (3.4) gifescP |r = H|p — 2,
where the diagonal matrix ]I?j = 1(dist7(0,4) = £)d;; for i,j € T. It follows that for any ¢ € T,

DIPGTS D IH = 2 = mae(2)I%)y] S 1. (3.29)

JET JET
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We recall that by (3.25) thfeventedTstdds a tree neighborhood of radius 53/2. When restricted to the connected
component of o in By ,100(T U {z,y},G), P is the Green’s function of the d-regular tree. Thus, for any i, j
in this connected component, (3.21) implies

Gij — Pyl < N 720 (3.30) {{e:G-P}}

If 2 is not in the connected component of 0 in By /100(T U {z,y},G), then distg(z,j) > R/50 for any j € T.
In this case P,; = 0, and by (3.21) wgehave}|G,;| < N72°. We also have

|Gij — Pijl, |Guj — Puojl <N72°, 4,5 €T. (3.31)  {{e:G-P1}}

We can perform a resolvent expansion according to (2.1) afd:ge®tite (G |T);j1 as: for some large enough
p=1

’ k 1
(Glr)i' = Pt = (Zp_l ((P—Glr)P7Y) ) +0 (N)
k=1 ij
<SP HaIN 2 S (P zg|+O<N>§N2b,

leT leT

(3.32) {{e:sum_Ginve

where in the second statement we used (3.29) afd:ghuslQinkFemsethe above expression, we get

Z| Glr) 1_71| > Z| 1| +O(T|IN™ %) L (3.33) {{e:sum_Ginve

jJ€ET JeT

Again, since the vertex o has radius /2 tree neighborhood, for any 0 < r < ¢, |{j € T : distg(x,j) =
r} < (d—1)". As a consequence, for any i € T, (3.31) aifd:Ehn )Gtimgettser} imply that

|msc| dntr(ea) {j €T : dist(w,j) =7} _

JeT 0<r<2s (3.34) {{e:sumGix}}
S 16l < Z Pyl + O(TIN2*) < 0.
jer jET

For P, Schur complement formula (2.4) gifessi#Gixr P — P(P|r)~'P. By taking difference with (3.28),
we get

|G} = PE)I S |Gay = Puyl + Y 1Gai = Puill(Glr) 511Gy

i,J€T
+ X |Pll(Gln)5t = (Pl Gl + D 1Paill (P05 I Gy — Py
i,j€T i,j€T (3.35) {{e:GTbbbbb}}
~| zy I’ll|+N_2b Z '1‘|Gjy‘+|Pxi||Gjy|+|Pzi||(P‘T);j1|)

i,J€T
< PPN < NP
where in the second inequality, we used (3.31) afd:@BRYbbR the third inequality we used (3.29), (3.34) and
(3.33). This finishes the proof of the first statement in (3.26).
By taking imaginary part on both sides of (3.28), we get
m(G)] = Im[Gyy] — Im[(G(Gr) ™' Gay] € Im[Gry] + Y Im[Gy]|(Glr) 7' G)
JET

+ > [(G(CI) )l Im[G ]| + D Gy Im[(Cl) |Gy .

JjeT J,keT

(3.36) {{e:Gimaginar
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In the following we show the following estimates

D (Gasl +1(G(Glr) eyl + 1G] + (G(Glr) )gl) S 4, max Im((Glr) ;'] S N2 Im[m].  (3.37)
J€eT
Then the second statement in (3.26) follosarfEdm plugging (3.24) and (3.37) into (3.36).

We start with the first statement in (3.37). The first statement in (3.37) follows from the estimates (3.33)
and (3.34)

Z(‘ij|+|( (G|T zj <Z|Gw3| <1+Z G|T J11> NEZ

JeT JET €T

Next we prove the second statement in (3.37). For the imaginary part of a symmetric matrix, we have
the following identity

Im[A™!] = —A7 Im[A]A-T
Thus
m[(Glr)zy] = —((Glr) ™" Im[Gr) (Glr) ~)ay- (3.38)
The second statement in (3.37) folkonim fEonverkegeing (3.24) and (3.33) into (3.38).
The first statement in (3.27) follows from a Ward identity (2.6), and the second statement in (3.26):

1 Z a Im[G;Q] ~ N°Tmfm]

c@r Nn Nn

For the second statement in (3.27), thanks to the Schur complement formula (2.5),

GST)G(? T
GED| = |6 - Zede | < 1GD)| + |6y, (3.39)

bb
where in the second statement we used (3.26) to{bmmdzmcb | <1, |G | 2 1. By averaging (3.39) we get

om)2 ()2 < N°Imfm]
N 5GP S 5o 3 60 6 s
bregT bregT

where the second statement follows from the first statement in (3.27).

4 Edge universality.

We now outline the ideas behind proving edge universality Theorem 1.1 for random d-regular graphs.
Edge universality follows the standard three-step scheme [12]. The key deviations arise in steps (i) and
(iii):

(i) In the sparse setting, the optimal concentration of eigenvalue locations is not with respect to the
semicircle law as in the Wigner case. The self-consistent equations for the relevant Stieltjes trans-
forms are therefore more intricate. New techniques—Ilocal resampling that more effectively exploit the
randomness—are introduced to derive these equations and establish concentration; see Section 4.1 for
details.

(iii) For random d-regular graphs with fixed d, standard Wigner-type comparison methods fail. A different
mechanism based on loop equations plays a central role; see Section 4.2 for details.

12

{{e:sumG}}

{{e:Im_Ginver

{{e:Gbound}}

{s:universali



4.1 Three-step strategy. {s:three_step

In this section we recall the three-step strategy for proving edge universality for Wigner matrices (see,
e.g., [12]) and highlight the key differences that arise in random d-regular graph setting. Let H denote either
a Wigner matrix or the normalized adjacency matrix of a random d-regular graph. We write its eigenvalues
in decreasing order as A\ = Ay = - = AN.

Step (i): local law and rigidity. The first step is to prove optimal eigenvalue rigidity up to the spectral
edge (on the N~2/3 scale), yielding precise control of the extreme eigenvalues. This is achieved by deriving
a self-consistent equation for the Stieltjes transform mpy(z) (or related spectral observables),

1L 1
my(z) = N; pv— (4.1)

For Wigner matrices, the self-consistent equation takes the form: with high probability
1+ zmpy(2) +mi(2) = 0, (4.2) {{e:self_eql}

whose unique solution is the Stieltjes transform of the semicircle law. The self-consistent equation is proven
through carefully estimating high moments E[|1 + zmpy(2) + m3,(2)[*"].

For a random d-regular graph G on N vertices with fixed degree d, obtaining a closed equation for the
Stieltjes transform requires a more refined observable. We recall from (3.18) thie qaeiiftiéy1}

Q) = ﬁ S 69, (4.3)  {{e:Gsun0}}

i~j

and the functions Yz(Q(z),2) and X,(Q(z), z) from (3.6), whidsumes the Green’s functions at the root of
a truncated (d — 1)-ary tree and a truncated d-regular tree of depth ¢ < log,; ; N with boundary weights
Q(z). It turns out that the quantity Q(z) and the Stieltjes transform mpy(z) satisfy two self-consistent
equations:

Q(z) = Ye(Q(2),2) =0, mpn(z) — Xe(Q(2),2) = 0. (4.4) {{e:self_cons

One of the main results of [15] is devoted to proving the self-consistent equations (4.4) vige aseliterahiistent}
scheme utilizing local resampling. This note is devoted to explaining the derivation of these self-consistent
equations by showing that their expectations are small.

Step (ii): strong ergodicity of Dyson Brownian motion. We next study the normalized adjacency
matrix perturbed by a small GOE matrix

H(t) == H+VtZ, (4.5) {{e:Ht}}

where Z is a GOE matrix for Wigner matrices and Erdés—Rényi graphs; for random d-regular graphs, Z is
the GOE restricted to the subspace of matrices with vanishing row and column sums (so that the trivial
eigenvector e = (1,...,1)T is preserved).

Assume the eigenvalues of H satisfy optimal edge rigidity with respect to a limiting density ¢ exhibiting
square-root edge behavior, which is the consequence of Step (i). Then, by [1,20], after a time t > N~1/3+¢
(for arbitrarily small ¢ > 0) the edge statistics of H(¢) are universal: the extreme eigenvalues converge to the
Airy; point process (the edge scaling limit of GOE). In particular, for Wigner matrices g is the semicircle
law (1.5); fde stidom d-regular graphs o is the Kesten—-McKay law g4 from (1.3).

The asymptotic empirical eigenvalue distribution of the matrix H(t) = H ++/tZ can be described by the
free additive convolution, from free probability theory [5]. We denote the semicircle distribution of variance
t as t~/2p,.(t~1/2x). Given a probability measure o on R, we denote its free convolution with a semicircle
distribution of variance t by g, := o Bt~ 1/?p..(t~1/%z). Write the Stieltjes transforms of ¢ and g, as

m(z) = m(z;0) = /(m —2) Yo(x)dx, m(z;t) = /(x —2)Yoi(z)dz, z€C\R.
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Figure 2: Extreme eigenvalues of Gaussian S-ensemble converge to the Airyg point process.

The Stieltjes transform m(z;t) solves the complex Burgers equation
1
om(z,t) = d.m(z,t)m(z,t) = iaz(m(z,t)z). (4.6)

We denote the right edge of the free convolution density o; as Fy, then its evolution satisfies the following
equation

atEt = m(Et, t) (47)

Step (iii): Green function comparison. This final step removes the Gaussian component in (4.5)
and, via a comparison argument, transfers edge universality from the Gaussian-divisible model to the original
ensemble. In particular, it shows that the k-point correlation function at the edge is invariant along the flow
(4.5), with ¢ interpreted as time. This is achieved by the following comparison theorem for multipoint corre-
lation functions at the edge (equivalently, by comparing products of Stieltjes transforms on the microscopic
scale). For details on how this theorem yields edge universality, see [12, Section 17].

Proposition 4.1. Fiz a small ¢ > 0. We introduce the microscopic window:

M := {we C: N~237¢ L |Im[w]| < N72/3+¢ _N72/3+¢ < Re[w] < N2/3+¢}, (4.8)
Then for any p > 1, and wi,ws, - ,wp € M, 2;(t) = Ey +w; for 1 < j < p, the following holds
t= N—1/3+¢
P
E | [T NY3(mu(z5(0);t) = m(z;(0); 1)) =0(N79), (4.9)
J=1 t=0

provided N is sufficiently large.

For Wigner matrices and random graphs with polynomially growing degree, Proposition 4.1 follows by
integrating out the GOE perturbation Z via Gaussian integration by parts, expanding the randomness of H
via cumulant expansion, and showing that the leading contributions cancel. For random d-regular graphs
with fixed degree d, this argument breaks down. In the proof of Theorem 1.1, a key observation is that
the time derivative of the multi-point correlation functions of the Stieltjes transform of H(t) is governed by
microscopic loop equations. In the next section, we state these loop equations and explain how they yield
the Green function comparison for fixed-degree d-regular graphs.

4.2 Loop equations and Green’s function comparison.

Loop (or Dyson-Schwinger) equations were first used in the theoretical physics literature (e.g., in the
work of Migdal [22]) and were later introduced to the mathematical community by Johansson [18] to derive
macroscopic central limit theorems for general [-ensembles of eigenvalues of random matrices, see also
[6,7,25] and the book [13]. For the Gaussian S-ensemble, the loop (or Dyson-Schwinger) equation describes
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a recursive structure satisfied by the Stieltjes transform (correlation functions) of the eigenvalues. The first
loop equation is given by : for z € C\ R,

2 ﬁ(r“) mN( ) _ 1
E {mN(z) + zmy(z )+1+§N] =0, mn(2): N;Az (4.10)
More generally, for any p > 1, the loop equations at rank p are given by : for z, 21, 22, -+ , 2p—1 € C\R
2 0,
[ 24 2my ()+1+TB m (2 )HmNzJ
(4.11)

my(z) —mn(z;)
BNQ ZE zj 2= 2 HmN Zz) =0.
i#£j

These loop equations (4.10) ar{d {Zodp) Jarise from the invariance of the eigenvalue integral under infinitesimal
reparametrizations of the variables; they can be derived either by integration by parts or, equivalently, by
an infinitesimal change of variables.

More generally, one can derive the loop equations for S-ensembles with general potential V'

N
P, Aoy, AN) ZB’V Hp\ j|ﬂHe—ﬂNV(/\ )

1<j

Loop (or Dyson-Schwinger) equations play a crucial role in proving eigenvalue rigidity and universality for
B-ensembles with general potential [4,8-10,26].

In general, loop equations are model-dependent. For S-ensembles, they depend on the potential V. How-
ever, when zooming in near the spectral edge, the microscopic version of loop equations becomes universal.
To introduce microscopic version of loop equations, we recall that the extreme eigenvalues of GOE converge
to the Airy; point process A1 > Ay > Ag > ---; see Figure 2. We can introduce the following normalized
Stieltjes transform of the Airy; point process:

1 Ai'(0)
ZA o @A) VEC\R

where a3 > ay > az > --- are zeros of the Airy function Ai(w). Under the above normalization, S(w) has
square root behavior: S(w) ~ \/w as w — 0o. S(w) can be viewed as a random meromorphic function, with
poles given by the Airy; point process.

Formally, taking the soft-edge scaling limit of the loop equations (4.10) and (4.11), we obtain a hierarchy
of equations for the Stieltjes transform S(w) of the Airy; point process. The rank-p loop equations are given
by: for any w,ws,...,wp—1 € C\R,

E | ((S(w) = vw)? + 2v/w(S(w) — Vw) + 8, S (w ]‘[Swz

(4.12)

+2 > E awi<5(w_wl>1'[5w] =0.

1<igp—1 JijFi

These loop equations (4.12) previtterppeessary conditions for the edge statistics to converge to the Airy point
process.

A key intermediate step in [15] toward the proof of Theorem 1.1 is the following microscopic loop equation
for the normalized adjacency matrix of a random d-regular graph perturbed by a small GOE. Its proof
occupies the main part of [15] and is analogous to the derivation of the self-consistent equations (4.4). To

make the error terms sufficiently small, we need to iterate the local resampling procedure many times and
carefully track the accumulated errors.
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Proposition 4.2. Fix a small ¢ > 0. Let Ay(z) == my(2;t) — m(z;t), and recall the microscopic window
M from (4.8). Fizp > 1 and w,w1,...,wp—1 € M, and set z(t) := E, + w and z;(t) = E; + w; for
1<j<p-—1. Then for N sufficiently large,

(At(z(t))Q +2A4V/2() — By Adl2(1)) + W) T Ad(z(1))

1=

E

2 mn(z(t);t) — ma(zi(t); t) B (p41)/3—10¢
+ m 1S§71E 821.@) < Z(t) — Zz(t) > jtlgjl;;lgpl At(zj(t)) =0 (N (p+1)/3-10 ) )
(4.13)

The scaling limit N'/3A(E; + w/(AN)?/3)/A?/? converges to S(w) — v/w in the microscopic version of
loop equations (4.12). Themieron_boopid on the right-hand side of (4.13) is precisely calibrated so that, after
scaling each factor of A; by N'/3_ the total error still vanishes as N — oo.

In what follows, we show that the microscopic loop equations (4.13) imply the Green’s function comparison
in Proposition 4.1, thereby completing the final step of the three-step strategy. For clarity, we prove (4.9)
only in the case p = 1, writing 2 (t) = z(t) = E;+w with w € M. We refer to [15, Section 3.3] for the general

case. In this case, (4.9) follows from integrating the following statement from 0 to t = N~1/3+¢
|OE [ma (z(t); 1) — m(z(t); )] | < NY/372¢, (4.14)
The first loop equation corresponds to p =1 in (4.13) {e:small_change}
0. t);t _1/3—
E {(At(z(t)f +24/2(8) — 20 (2(1)) + mNZ(VZ())} o) (N /3 10C) , (4.15)

where z(t) = E; + w with w € M. Next we show that (4.15) injplitkrételqh)l By Gaussian integration by
parts,

O E[my(z0)] = — 0, E[Tr (H+VtZ - z)—l} _1g {az (m?\,(z; t) + MW)] . (4.16)
N 2 N
Subtracting the complex Burgers equation (4.6) fofeseif) from (4.16) gives
HE[mn(zt) —m(zt)] = ;E[az (m?\,(z,t) —m?(z;t) + W)] . (4.17)

Plugging z(t) = B¢ +w with w € M into (4.17), We diiMint }

O E[m(=(1); 1) ~ m(=(1):)] = 5 E[0.F(=(1)],

Fy(2) == A(2)? 4+ 2(m(z;t) — m(Ey; 1)) Ay(2) +

D (2:1) | (4.18)

N

For z near the spectral edge, with z — E; € M, and using the square-root behavior of g;, we have m(z;t) —
m(E;;t) = A/ z — Ey. Thus, neglecting the replacement error, the first loop equation (4.15) in{plsBM_mt2}

E[F(2)] = O (N-1/3710¢). (4.19)

Since F; is analytic on C\R, Cauchy’s integral formula on a circle w centered at z(¢) with radius Im z(t) /2 >
N—2/37¢/2 yields

E[0.F,(2(1))] = % 7{ mclw = O (NVse) (4.20)

Combining (4.18) witdx ¥412(}) proves (4.14), and hence the Green function comparison Proposition 4.1.
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4.3 Self-consistent equation and the first loop equation

To illustrate the main ideas, in these notes we present the proof of Theorem 4.5, which yields the self-
consistent equations and the first microscopic version of the loop equations at the edge. We refer to [15] for
the complete proof of edge universality.

We recall the functions Yy, X and the quantity Q(z) from (3.6) and (3.18). For simplicity of notation, we
write

Y(z) =Yi(Q(2),2), X(2) = Xe(Q(2),2). (4.21)

We also recall the sets  and Q of d-regular graphs from Definition 3.1 and Theorem 3.6.

Next, we introduce some further error terms. We emphasize that they depend on the graph G and are
therefore random quantities.

Definition 4.3. For any z € C* in the upper half-plane with n = Im 2, we introduce the control parameter

ﬁ@:lm%%@”+Niw W@yugem(y@+mm%Q3@U. (4.22)

Remark 4.4. The quantity ®(z) is a standard control parameter in random matrix theory. We will control
the expectation of Q(z) —Y (z) via U(2), see (4.23). Akhimtfhilf(z) itself contains |Q(z) — Y (2)| (but with an
extra factor N=°/8) we can (ignoring the absolute value) move this term to the left-hand side and conclude
that the expectation of Q(z) — Y (z) is controlled by ®(z).

The following result states that the expectation of the self-consistent equations is negligible, and it gives
the first loop equation corresponding to the case t = 0, p = 1 of Proposition 4.2. The proof of Theorem 4.5
will be given in the remainder of this article.

Theorem 4.5. Fiz a spectral parameter z € D, and recall the control parameter U(z) from (4.22). Then
E[1(G € Q)(Q(z) = Y(2))] £ (d— 1)*E[¥(z)], (4.23)
E[1(G € Q)(mn(2) — X(2))] S (d— DZE[E(2)]. (4.24)

Moreover, if we further assume that |z — 2| < N™9, then we have a refined estimate for Q — Y :

o190 (12 0o vio) + E) | Lo (MEVCLY -y

where the constant A = d(d — 1)/(d — 2)? is as in (1.4). [f|Qref2ned Novhdpn analogous statement holds
after multiplying the first term in (4.25) by —1.

Close to the right spectral edge, i.e. for |z — 2| < N~2/3+°() with Im z > N~=2/3+°(1)  we have

mee(z) = =1+ O0(V/[z=2]), 1 —mZ(z) = 2z =2+ 0(]z - 2)),

d—1 (4.26)
ma(z) = -+ O]z —2J),
and the true sizes of the error terms are
No(l) No(l)
Im[my(2)] S ER ®(2),¥(2) S N2/3 (4.27)
The optimal edge rigidity of eigenvalues in [15] follows from establishing analogous high-moment estimates
to (4.23) afd:Egd), which essentially lead to
o) Ne)
Q) - Y () S S Imw(e) = X ()| S S (428)
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We remark that, for technical reasons, the estimate for |mpy(z) — X(z)| is weaker. Nevertheless, these esti-
mates are sufficient to derive optimal bounds for Q(z) —msc(z) and my (z) —mg(z), as explained below.

The concentration of Q(z) and my(z) can be derived from (4.28). {&dwl#$ recall the expansion of
Y (2) = Yo(Q(2), z) from (3.7) (by taking A = Q(2)):
Q=Y =(Q —muc(2)) = (Y = mye(2)) = (1 = mZ{™(2))(Q — me(2))

-—m%*%@nwu><y_mg+%”-%d 2L ) (Q = mse(2))” + O(£7]Q — mac(2)[°)

d—1 d—1 1—m2 (2)
= (1= m2 () + 1)(Q ~ mse(2)) + (L 4+ 1)(Q — mac(2))?
+0(£(12 = 201Q = macl2) | + VIE = 201Q = macl2) ) + £71Q — mec(2) )
= 0+ 1) (2V2=2(Q — mae(2) + (@ — mec(2))?)
+0(£(12 = 201Q = mec2) | + VIE = 201Q — mecl2) ) + €1Q — mec(2) ),

where we used (4.26) tdedplie}me.(z), ma(2),1 — m2.(z) by —1,—(d — 1)/(d — 2),2v/z — 2, respectively.
Given that @ — Y is small as in (4.28), we can analyze (4.29) as a quadratic equation in Q — my.(z) with
a small error. Such quadratic equations are ubiquitous in random matrix theory; for example, for Wigner
matrices the standard argument shows that for |z — 2| < N~=2/3+°(1) with high probability we have

(4.29)

No(l)

|Q - msC( )‘ ~ N1/3 (430)

Using the expansion of X (z) = X,(Q(2), z) from (3.8) (W&ind}= Q(z)), we have

L3 m(2) (@~ mae(2)) + O(1Q — mae(2)?)

= A(Q — msc(2)) + O]z = 2/1Q — msc(2)] +1Q — msc(2) ),

where we again used (4.26) to replace msc(2), mq(z) by —1,—(d — 1)/(d — 2). It follows, by rearranging,
that

my(2) —mg(z) =mpy(z) — X + X —my(2)

X —my(z) =

(4.31)
= A(Q — myce(2)) + O(Imnv (2) = X| + £y/]2 = 2|Q — msc(2)] +|Q — mue(2)[).
Combining (4.28), ({e}@preihtion}), we conclude that for |z — 2| < N~2/3t°(1) with high probability
No) No()
()= male) =A@ - mec2) + 0 (N7 ) = 0 (i ) (132)
We remark that (4.25) is{dightld} different from the loop equation (4.13) (with ¢t = 0 and p = 1):
E|(my(2) — ma(2)? + 24v7 — 2 (my (2) — ma(2)) + ‘%’;VN(Z)} =0 (N—2/3—1OC) . (4.33)
By plugging (4.31) infe: 4 &, wepainclude that for |z — 2| < N~=2/3+°() with high probability
A2(Q-Y) ) o)
T (my(2) = mg(2))” + 24Avz — 2 (my(2) — mg(2)) + O N5/ (4.34)
The claim (4.33) tHen foHtlws from (4.25), and the error term comes from
NDE[\I](Z)] < N0+O(1) < N72/3710c, (435)

(d—1)02 ~ (d—1){/2N2/3 ~
where we used (4.27).

18

{{e:Q-YQ6}}

{{e:Q-m}}

{{e:mQrelatio:

{{e:m-md}}

{{e:micro_loo

{{e:AQ-Y}}



Figure 3: An example of the local resampling performed on the graph is as follows. We replace the blue
edges, located on the boundary of the radius-¢ neighborhood of a vertex o, with randomly chosen edges from
the graph. Together, these edges constitute the resampling data, denoted by S. This operation creates new
red edges and establishes a new boundary.

5 Local resampling

In this section, we recall the local resampling and its properties. This gives us the framework to talk about
resampling from the random regular graph distribution as a way to get an improvement in our estimates of
the Green’s function.

For any graph G, we denote the set of unoriented edges by E(G), and the set of oriented edges by
E(G) := {(u,v), (v,u) : {u,v} € E(G)}. For a subset § C E(G), we denote by S the set of corresponding
non-oriented edges. For a subset S C E(G) of edges we denote by [S] C [IN] the set of vertices incident to
any edge in S. Moreover, for a subset V C [N] of vertices, we define E(G)|v to be the subgraph of G induced
by V.

Definition 5.1. A (simple) switching is encoded by two oriented edges S = {(v1,v2), (vs,v4)} C E. We
assume that the two edges are disjoint, i.e. that |{vy,ve,v3,v4}| = 4. Then the switching consists of replacing
the edges {v1,va}, {vs,va} with the edges {v1,vs},{ve,vs}. We denote the graph after the switching S by
T5(G), and the new edges S = {(v1,v4), (v, v3)} by T(S) = 5.

The local resampling involves a fixed center vertex, which we now assume to be vertex o, and a radius
¢. Given a d-regular graph G, we write 7 := By(0,G) to denote the radius-¢ neighborhood of o (which
may not necessarily be a tree) and write T for its vertex set. The edge boundary 9T of T consists of
the edges in G with one vertex in T and the other vertex in [N] \ T. We enumerate the edges of 9T as
0T = {ei,ea,...,e,}, where eq = {lo,aq} with I, € T and a, € [N]\ T. We orient the edges e, by
defining €, = (la,aq). We notice that ;1 and the edges e, e, ..., e, depend on G. The edges e, are distinct,
but the vertices a,, are not necessarily distinct and neither are the vertices l,,. Our local resampling switches
the edge boundary of T with randomly chosen edges in G(T) if the switching is admissible (see below), and
leaves them in place otherwise. To perform our local resampling, see Figure 3, we choose (b1,c¢1), ..., (bu,cu)
to be independent, uniformly chosen oriented edges from the graph G(T), i.e., the oriented edges of G that
are not incident to T, and define

—

S = {En, (ba,ca)}, S =(51,5,...,5,). (5.1)

The sets S will be called the resampling data for G. We remark that repetitions are allowed in the data
(b1,c1), (b, c2),- -+, (bu,cu). We define an indicator that will be crucial to the definition of the switch.

Definition 5.2. For « € [u], we define the indicator functions I, = I,(G,S) =1
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1. the subgraph By /i({aa,ba,ca}t, GV after adding the edge {aq,ba} is a tree;
2. and distgr ({aa, bas ca '}, {ag, bg, cs}) > R/4 for all § € [p] \ {a}.

The indicator function I, imposes two conditions. The first one is a “tree” condition, which ensures that
aq and {by,c,} are far away from each other, and their neighborhoods are trees. The second one imposes
an “isolation” condition, which ensures that we only perform simple switching when the switching pair is
far away from other switching pairs. In this way, we do not need to keep track of the interaction between
different simple switchings.

We define the admissible set
Ws :={a € [u] : 1.(G,S)}. (5.2)

We say that the index o € [u] is switchable if a« € Wg. We denote the set Wg = {b, : @« € Wg}. Let
v := |Wg| be the number of admissible switchings and i, as,...,a, be an arbitrary enumeration of Wg.
Then we define the switched graph by

and the resampling data by

T(S) := (T1(S1), -, Tu(S,), Ta(Sa) = {T(Sa) (a € Wg),

ga (a ¢Ws)

To make the structure more clear, we introduce an enlarged probability space. Equivalent to the definition
above, the sets S, as defined in (5.1) afeurdédothly distributed over

S,(G) ={S C E: S ={é,,é},¢&is not incident to T},
Le., the set of pairs of oriented edges in E containing €, and another oriented edge in G(™. Therefore
S = (51,52,...,8,) is uniformly distributed over the set S(G) = S1(G) x --- x S,(G).

We introduce the following notation on the probability and expectation with respect to the randomness
of the S € S(G).

Definition 5.3. Given any d-regular graph G, we denote Pg(-) the uniform probability measure on S(G);
and Eg|-] the expectation over the choice of S according to Ps.

The following claim from [17, Lemma 7.3] states that this switch is invariant under the random regular
graph distribution.

Lemma 5.4 ([17, Lemma 7.3]). Fiz d > 3. We recall the operator Ts from (5.3). Let G be a random
d-regular graph and S uniformly distributed over S(G), then the graph pair (G,Ts(G)) forms an exchangeable
pair:

(G.T5(9) "2 (T5(G), ).

5.1 Green’s function of resampled graph

Fix an edge {i,0} C G, we recall the resampling data S = {(la; @), (ba; Ca) }ae[u] around o from Section 5,
denote G = TgG. In the remainder of the paper, we denote by H the normalized adjacency matrix of G.
Then
1

vd—-1
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Its Green’s function and the Stieltjes transform of its empirical eigenvalue distribution are denoted as
follows:

G(z)=(H—-2)"", mn(z)==TrG(2). (5.6)

In the rest of this section we collect some basic estimates of the Green’s functions of G(z), G(z). Their
proofs follow from analyzing Green’s functions using the Schur complement formula (2.4). {e:tGtm}

Lemma 5.5. Let z € C* satisfy |z| < 1/g, and set n:=Imz > N~1T9. Fix a d-regular graph G € Q (recall
Definition 3.7) and vertices {i,0} in G, and let T = By(0,G) with vertex set T. We denote the resampling

data S = {(lu, aa), (ba, Ca) Yaeu) around o (recall from Section 5), and G = TsG. Moreover, we also assume
that G € Q.

Then, for any X of the form X € {0, T} and any x,y ¢ X, we have
GG (2) = PL (B jr00({, y} UX, ), 2,mee(2)) | S N7°. (5.7)
Moreover, the following holds

(d —1)!N°Im[my(2)]
Nn ’

Imn(2) —mn(2)] S

Proof. The first statement (5.7) follommdoff jour assumption that G € Q and (3.26) (with X = T).

For the second statement, we recall the notations from (5.5)

~ 1 ~ _ 1 _ 1 ~ _ ~ _
mn(z) —mn(2)] = NTr(Hf 2)7 = NTr(Hf 2)7t = NTr(Hfz) YWH-H)H-2)"!
1 ~ _ _
=5 > Te(H = 2) "a(H — 2)7"
a€u]
1 N - - - -
<—==>_ > (Gu.| +Giaul + |Give| + |Gic. )(|Ganil + 1Gboil + |Genil + |Groil)
VI-1IN & & (5.9)
1 al - ~ - -
S——> > (G, +1Gia, > + Giv, > + |Gico I* + |Ganil® + Gonil* + |Geyil* + |Gl
4= 1IN S Jeta
< d- DfN°Im[my(2)]  (d—1)*N°Im[my(2)]
S +
N7 N7

where the first two statements is from resolvent identity (2.1); the:tmirdt 2} fourth statements follows from
(5.5); the fifth statement follows from Cauchy-Schwarz inequality; the sixth statement follows from the
Ward identity (2.6), (3.22) and g = O((d — 1)¥). Since Nn > N9 > (d —1)*N°®, the claim (5.8) follows from
rearranging (5.9).

O

6 Concentration via exchangeable pair

In this section, we explain the basic ideas of proving concentration using exchangeable pairs, and discuss
how to apply this approach in the setting of random d-regular graphs.
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6.1 Sum of independent Bernoulli random variables
Let X1, Xs,..., X, be independent Bernoulli(p;) random variables and define
W= Xi p=EW=3 p
i=1 i=1
In this section, we explain how to use exchangeable pair to show that W concentrates.

Choose I ~ Unif{1,...,n} independent of everything and let X} ~ Bernoulli(p;) be an independent copy.
Set
W' =W - X+ X].

Then (W, W’) is an exchangeable pair and satisfies |IW/' — W/| < 1. Moreover,

EW' —W | X1,...,X,] = %Z(pi — X)) = (W = ) = — (W),
=1

For any smooth g,
ELF(W)g(W)] = BI(W — W)g(W)] = SE[(W — W")(g(W) ~ g(W"))].
Take g(w) = f2~(w) and set m(6) = E[e?’ )], Then

B[/ ()] = SB[V — W)(f2 (W) — 2 ()]

< LR W(FOW) — SV H) + F W) (6.1
= 2= Lgiw — w2 e (w)) = 2 LEIE((W - W)W (W),
We can then bound the inner expectation as
BV — W2 | W) = £ S B - X wl < DB xp wi = A e
= =
By plugging (6.2) infe:tdgentd arrive at the following moment bound
BP0 < 2RI 4 o) = 2 Legme ] + B D) 03)
Then recursively, we can bound the 2p-th moment as
B [(W) = Blpr(m)] < (6.0

6.2 Random d-regular graphs

In our setting, we choose a directed edge (i,0) uniformly at random, independently of everything else,
and let G be the graph obtained by locally resampling the neighborhood of the vertex o. Then (G, G) form
an exchangeable pair. In next section we will show that

E[égfo) ’ g} =Es [églo)} =Y +&u,0(9), (6.5)
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where we recall Y from (4.21), and &£(; ,)(G) is small (here Eg denotes expectation over the resampling
randomness). This implies

E[0-0|6] = 1 YBs[G0] - Q=Y -Q+E0), £ = ;Y En@) (66

i~0 i~o0

An argument analogous to the exchangeable-pairs proof of concentration for sums of Bernoulli random
variables yields high-moment bounds for Q — @, and hence concentration of @ — Q). Although the individual
errors £(; ,)(G) are small—by (3.21) and Lemma 3.9 one obtains bounds of order O(N~°)—these are not
sufficient to obtain the optimal eigenvalue concentration. For example in Theorem 4.5, near the spectral edge
|z £ 2] = N—2/3+o(1) " the optimal error is N~2/3t°(1)  To attain this optimal rate, we perform additional
local resampling steps to capture and control the fluctuations of the error terms &£(; ,)(G) more precisely.
This is outlined in Section 8 and Section 11.

7 Expectation of Q(z).

In this section we take the first step computing the expectation of Q(z) — Y'(z).
(@) _
E[L(G € 9(Q-Y)] = NdZE [421(G € 9)(GL) - V)] - (7.1)

For G € Q from Definition 3.1, the number of vertices that do not have a tree neighborhood of radius 4 is
at most N¢. We can restrict the righthand side of (7.1) tq¢heasund pver vertices o which has radius R tree
neighborhood:

NdZJE[ wi1(G € Q)G — } NdZE[ ({0,},G) (QEQ)(GE,Q—Y)}JrO(N} ) (7.2)

where

I({o,i},G) = Apil(Bsx(0,G) is a tree) (7.3)

To compute the righthand side of (7.1), cndititimen} ] ({o,i},G) = 1 we perform a local resampling around
(i,0) € F using the resampling data S = {(la,aa), (ba;Ca)}tac[u), Where p := d(d — 1)* is the number of
boundary edges of the d-regular tree truncated at depth £+ 1. We denote the new graph as G =T s(G9), with
its corresponding Green’s function G.

We introduce the following subgraph of G
F= BZ(Oa g) U {(lom aoc)a (bou Ca)}ae[p,]] = B@-‘rl(ov g) U {(bom ca)}ae[[u]] = (ia E)7 (74)

which contains all the switching edges, see Figure 4. To ensure switching edges are well separated and lie in
large tree neighborhoods, we use the following indicator.

H Agy H H 1(Bx(x;G) is a tree) H 1(distg(c,c’) > 3R).
{z.y}eE ce{ocr, v en} w€Be(c;G) c#c e{o,c1, ,eu}
(7.5)

Condition on I(F,G) = 1. Ignoring vertex labels, the graph F is simply a forest consisting of a d-regular
tree truncated at depth ¢ + 1 together with p disjoint edges. Thus the averaging over the edge (i,0) in
(7.1), thgeddfTFGjith the randomness in the resampling data {(ba,ca)}ac)u; can be viewed as an average
over embeddings of F into G.

To formalize this, let F = (V, E) denote the template whose vertices V are formal symbols, consisting of
the truncated d-regular tree of depth ¢+ 1 and the p disjoint edges. The vertices become concrete vertices
of G only after an embedding is chosen. An embedding is specified by an assignment i € [N]IV]; different
choices of i yield different embeddings. Once an embedding i is fixed, we write F = (i, F), and the indicator
I(F,G) in (7.5) is well defined.
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Figure 4: We view F (corresponding to the solid edges) as an embedded subgraph of G, which contains all
the switching edges. The indicator I(F,G) signifies that o,c1,c2,. .., ¢, have tree neighborhoods and are
well separated.

Claim 7.1. We perform a local resampling around vertex o, and denote the resampled graph by §’7, then

E[1(G € 90)(Q V)| = 33 Y E[401(G € (G~ V)
(7.6)
= Z% S E[I(F,9)1(6.G € Q)G - Y)| + O(N"*/E[w)),

where the normalization constant Zx is not random, and for any G € Q, it satisfies
1

The relation (7.7) follosg® from the fact that most vertices of G has large tree neighborhood, so the number
of “good” embeddings of F into G concentrates.
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If we temporarily ignore the indicator and the averaging over embeddings, the claim reduces to the simple
symmetry

E[Aoi (Gglo) - Y):| = E[Aoi (ét(ylo) - Y)j| )
which follows from that (G, é) are identically distributed under the local resampling. The indicator I(F,G)
just restrict attention to “good” placements where we have good estimates for the Green’s function.

In the following proposition, we show that the expectation (7.6) breaks down into an O(1)-weighted sum
of terms in the same form, in the following sense. {def :01sum}

Definition 7.2. We say U is an O(1)-weighted sum of (finitely many) terms in the set R, if
U= ¢R;, R €R,
i>1
and the total weights 3., [cj| = O(1). {p:iteration}

Proposition 7.3. We recall F = (i, E) from (7.4), and view it as embedded in G with vertices given by i.
Then

1 o (i
ZTTZE {I(]—‘,g)l(g,g € Q)(GH) - Y)} =hL+L+E, (7.8) {{e:IFIF}}

where |E] = O((d — 1)*E[¥]), and
1. I is an O(1)-weighted sum of terms of the following form

1
(d—1)32ZF

CaCa

D E[1(G € DI(F,G)GPY) - Y)(GL) - Q). (7.9) {{e:casel}}

where ¢ > 0
2. I is an O(1)-weighted sum of terms of the following form

(d _ I)BM

WZE (G € DI(F,G)(GL) —Y)Ry]. (7.10) {{e:case3}}

Here, q > 0 and r > 2, and the function Ry contains r factors of the form

{(Gﬁb;él - Q)}aeﬂ#]]; {Gca05 ) CVVb bﬁ}a;éﬁe[[#]]a (Q - msc(z))' (711) {{e:rdefCEl}}

7.1 Switching using the Schur complement formula

To prove Proposition 7.3, we need to rewrite éE,ﬁ? — Y which depends on the Green’s functions of the
switched graph G, in terms of the Green’s functions of the original graph G, see Figure 3. This is achieved
as follows. {1l:coefficien
Lemma 7.4. Assume that G,G € Q and I(F,G) = 1 from (7.5), dedrdefiaBibic index set A; := {a € [u] :
disty(i,1lo) = £+1}, see Figure 5. The following holds with overwhelmingly high probability over Z : é,(fo) -Y
can be rewritten as a weighted sum

~(i msc msc(z)2€+2 (babg)
Gl —Y = e+1 Z ta—ner Y. Gel +U+E (7.12)  {{e:easy_G-Y}
a€A; a#BEA;

where U is an O(1)-weighted sum of terms in the form (d — 1)3"=YR,. where r > 2, and R, contains r
factors of the form

(G (2) = Q(2)), GU(2), Q2) — muelz), a# B € [ul, (7.13) {{e:error_fac
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Figure 5: The index set A; := {a € [u] : dist7(i,1,) = £+ 1} is given by {1,2,--- ,2v}, corresponding to
these red nodes.

and at least one of them is GEZZ,“C)Q —Q or ng%lzf); and the error £ is given by

”1§£2+1)(Z) ~(T) (babg) 1 ~(T) (babp) 1
E= g D (G, — G +0 | Do G, - G|+
(@-DH 2o N e N

(7.14)

~ bab 1
=o| X 1em, - e+ 5
o, BE[1]

Remark 7.5. The expansion (7.12) déendeiGE}y éf}o) —Y into two leading contributions and a higher—order
remainder U, which together comprise weighted sums of terms built from the factors in (7.13). By Lemma 3.9,
each factor in (7.13) is bounded by N~° with high probability. Consequently, any product R, of r such factors
satisfies |R.| < N~ with high probability. The term U collects an O(1)-weighted sum of contributions of
the form (d — 1)>0=D¢R, with r > 2, so that

(d _ 1)3(7”71)2 |Rr| /S (d _ 1)3(7"71)2]\7761’.

Therefore, every contribution to U is higher—order (by at least one extra factor N~°) compared to the two
leading sums in (7.12).

26

{fig:Ai}

{{e:defCE}}



Remark 7.6. More explicitly, the term U in (7.12) is given by

mgéul) GO0 _ oy, M (2) @) 1)\ Abab)y2
U= Z Lih, (Gl - Q) + TEnCE > T, + L )G
a€A; a€A;,BE[u]
a#p
b b./b /
+ Y a@)Gl) Q6N Q)+ Y aled B)GE), — Q)G
bl /ZEEZM (7.15)
bab /b /
Y aleBa GG+ Y al@)(Gl, — Q)(Q — macl2))
a#BE[n].a’#B’ €[n] a€u]
{08y #{a’ .8’}
+ Z c5(a, B) Cl;cl;ﬁ)(Q Mee(2)) + terms of the form {(d — 1)>"~V!R,}, 53,
a#Be[p]

where the total sum of the coefficients c1,¢a, ..., 5 is bounded by O(1), and
1

L(Z) = P(l)(T7Z,ch(Z)) = i
Hrj(rl) -z — msc(z)]la

, 19, = 1(disty(z,0) = £)day, (7.16)

which is the Green’s function of the (d — 1)-ary tree.

We start with the Schur complement formulas which will be used to prove Lemma 7.4. Let E be the
normalized adjacency matrix of the directed edges {(ca,la)}aefy)- Then the adjacency matrices H (@) is in
the block form

o _ | H BT
B Hy

We also denote the Green’s function of G(T and g~(T> as GM and G respectively.

We collect some estimates below, which will be used later. Recall from Proposition 3.3, for z,y € T\ {i},
|L | < (d— 1)~ st (@)/2 Tt follows that

Z | < 2[: r/2 < d 1)2/2’

T Y - - (7.17)
> | Z (Z( 2y Y (@ ”2) < id-1)",
z,yeT\{i} r=0 =0 g1

where for the first sum, we used that [{x € T : disty(o,2) = r}| = O((d —1)") for 0 < r < £. For the
second sum, we consider {z € T : disty(0,2) = £ — r}. Note that there are O((d — 1)*~") such vertices.
Given such z, for any y € T, 0 < dist7(x,y) < 2¢ — r. There are two cases depending on disty(z,y) = r'.
If 0 < 7 <7, we have |{y € T : disty(z,y) = '} = O((d — 1)"'), and if r + 1 < 7/ < 2( — 7 we have
Hy € T : distr (=, y) =1} = O((d — 1)("t7)/2). The second statement in (7.17) folkrsarrPhowahming over
r,r’ and using |L)| < (d—1)~""/2.

Proof of Lemma 7./. Thanks to the Schur complement formula (2.4), we have

&= (e
HY —>-BTG®B)

Since o has a radius R tree neighborhood, Hq(ri) is the normalized adjacency matrix of a truncated (d—1)-ary
tree, and L) from (7.16) agrees with the Green’s function of (d — 1)-ary tree (see (3.3)),

. 1 1
mie(2) = L) = PU(T, z,mse(2) = | — =\ 5 5]
. oo~ foo * Hy =z =me()0? ), \Hi' —z=BTm«()B),,
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By taking the difference of the two above expressions, we have

Gl = mse(2) = ( 7o i 5 ) 1~T ~> )
1t —2z—BTmg(2)B-D Hyp’ —z—BTms(2)B)
where
D=B"(Q—me(2))B+D:y, Dy=B"(G"-Q)B, (7.18)
are matrices indexed by (T \ {i}) x (T \ {i}).
Thanks to (3.21) afd:Befeija 3.9, we have
[(D1)ayls [Dayl < N7°, for 2,y € T\ {i}.

Thus, for some sufficiently large constant p, we have

1 1
Ggo) - msc<z) = ] = n N ' B B
H’]g‘l) —zZ— BTmsc(Z)B -D H’]g‘Z) —Z- BTmSC(z)B 0o

= <L<i> Zp: (DL(i))k> +O(N72).
k=1

oo

(7.19)

Recall Y = Yy(Q, z) from (3.6) afdq(t&4ddiventexp}

1
Y=|— .
H" -2 - BTQB

By the same argument as in (7.19) we also have that

p
Y — mge(z (L@ > ( (BT(Q — me(2))B + t(m — md(z))H)L@))k) + O(N~2). (7.20)

k=1 0o

By taking the difference of (7.19) ajd:{@-2}), up to error O(N~2), we get that the difference G — v is
given as

p
(LOD, L)Y, (Lm 3 (DL(n) )
k=

? 00 (7.21)
Ld ~ N\F
[ E e o)
k=2 0o
If & € A;, then distr(i,1,) = £+ 1, and Proposition 3.3 gives
) dist7 (0,la) )
Lf:il = msc(z) (_ m(sic(zi> , ‘L | < ( 1)—d15t7‘(0,la)/2 — (d _ 1)—@/2. (722)

Otherwise if o € [u] \ Ay, then o, 1, are in different connected components of 7, and |L£)le| = 0. Thus the
first term in (7.21) cafle e sbjnputed as,

2+2 2+2

7 % mgC msc
(L( )DlL( ))00 = g+1 Z caca _ 1 (A _ 1)+1 Z Gg)cﬁ’ (7'23)
achA; aF#BEA;

We obtain the first two terms in (7.12), afee¥placing ééﬂ”ca -Q, é?j)cﬁ in (7.23) by Ggi%L,Ggi‘LZB). We
collect the difference in the error term £ (as in (7.14)).
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For the terms k > 2, in general for any matrix V defined on (T \ {i}) x (T'\ {i}), L&) (VL®)* is given as
a sum of terms in the following form

Z JEOR 7N JONE 7N SO RIS v Lo (7.24)

ox1 " T1T2 " xoxz " L3T4 " x4T5 T2k —1%2k 2K 0
x1,22, 22k €T\ {4}

We can reorganize (7.24) in{éheuip)lowing way

L(()ifE)lLC(EiQ)I?, T L(zig)koVI1$2VI3I4 T Vm2k—112k'
Z1,L, - ,or €T\ {i}
= (d — 1)3k=D Z (d—1)73E=DLO 10 LD Ve Vees e Veor 1o

or1 To2X3 T2k O
@122, 226 €T\ {i}

= (d _ 1)3(k371)f Z cmV$1$2VI3$4 e Vz2k—1m2k7

x1,T2, -, w2p €T\ {i}

(7.25)

where the weights ¢ = (d — 1)=3*=D¢L0 .10 | “and the total weights are bounded as

3 leo| = (d—=1)73F00 N L@ > 28 D LD,

x1,x2, 225 €T\ {4} z1€T\{i} z2,23€T\{i} @2k €T\ {4}
< (d _ 1)—3(k—1)€£k—1(d _ 1)k€ _ (d _ 1)—(2k—3)€€k’—1 < 17

where to get the second line we used (7.17); ifetitotadsimeduality, we used that k > 2.

To compute the difference for k > 2 in (7.21), we consider two possible forms for V: V = BT (Q—mgc(2))B
or V.= BT(Q — my(2))B + Dy. As discussed above (see (7.25)), terms in (7.21) with k > 2 break down to
an O(1)-weighted sum of terms in the form (d — 1)3*=D¢R, . Here Ry, is a product of k factors, each taking
one of the following:

GO, Q). GO, (Q-muw(2), a#pBelul

Moreover, Ry, contains at least one factor of the form {éﬂ’ca —Q, é&?c s Ya#Be[y (arising from Dy). Otherwise,
the terms from the difference in (7.21) cancel out.

For each Ry, terms, we get Ry by replacing égla - Q, églﬁ with G&’;‘J;;L - Q, Gﬁ?‘c{;ﬁ ), respectively. As

k > 2 and each factor of Rk,ék is bounded by N~" with overwhelmingly high probability over Z, the
replacement error is bounded by

|Ri — Ryl <

> 1GE, - cu)

CaCp
a,B€[u]

1
Nb/2

We collect the above error in € (as in (7.14)).

We denote the O(1)-weighted sum of terms in the form (d — 1)3*~V¢R, as U. This finishes the proof of
Lemma 7.4.
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7.2 Proof of Proposition 7.3
By plugging (7.12) into (7.8), we get the following four terms

2(e+1)

msc e+1 Z ZZ { )1(G € (G, - Q)]7 (7.26)
achA; i

m2(z+1) -

SC_ 1 €+1 Z Z Z [ (g € Q)Ggaclgﬂ } ) (727)

aFfBeEA; i

Z Z:E[I(f’g)l(g €U, (7.28)

1

7 ZE [1(F,G)1(G € Q€] (7.29)

First term (7.26). {Bhe4fjrst term (7.26) is negligible

1 —b/2
d—1) a; Z 7 [I(f, G)1(G € (G, — Q)} = O(N~°*/2E[D]). (7.30)

If we temporarily ignore the indicator and the averaging over embeddings, the claim (7.30) refldasttg the
definition of @

1
~a > A, (GPY) —Q)=0. (7.31)

basca €[N]

{{e:el}}

{{e:e2}}

{{e:e3}}

{{e:e4}}

{{e:ftt1}}

{{e:corel}}

which follows from that (g,&) are identically distributed under the local resampling. In (7.30), ffe:thee1}

average over embeddings, we can first sum over the indices b,, ¢, using (7.31), and then average over other
indices i\ {ba, ¢}

Second term (7.27). We have the following estimate for the second term (7.27)

3 Z Zr [ )G € Q)G cic';’*} (7.32)

(X#BEAZ i

- > ZTE[ (F.G)L(G € )G, (GL2) — Q)GLE, — Q)| + O(NE[W])  (7.33)

(d ) a#BEA; i

Then we can further change (Ggi"cl — Q) in (7.32) to (G&Z‘E)a —Y) and get

0 Y Y B [IF.010 € (G, ) x (Gon, (G - Q)

a;éﬂEA i

(7.34)
;> Z—E[ J1(G € QY = QlIGr,(GEL - Q)]
a#BEA; i
The second term on the righthand side of (7.34) cafe a@u¥ther bounded as
> Z LG €Y —QINT*] =0 (N“’/41E[\I’]) : (7.35)
a#BEA i

If we temporarily ignore the indicator and the averaging over embeddings, the claim (7.32) boils down to
compute the following quantity

1
(Nd)? Z Acoba AbBCB Ggicl:f)~ (7.36)
basCa ,bg ,CB EHN]]
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For random d-regular graphs, the adjacency matrices have a trivial eigenvector (1,1,---,1)T. As a conse-
quence the row and column sums of the Green’s function is small:

Z Gij = Z Gij = 1/(d/\/d— 1-— Z) = O(l) (737)

1€[N] J€E[N]

Thus if Ggi;f )i n (7.36) is{eeptdded by G(«'s) (without removing the vertices by,bs), then the average

is very small O(1/N). To compute (7.36), we need to express GCiCZ;B) back to G«) G®s) G using Schur

complement formula by carefully adding vertices b,, bg back. And it turns out we have nice leading term,
and all other terms are negligible

1
(Nd)2 Z AcabaAbgcgagichgﬂ
basca,bg,cgE[N]
(7.38)

1 Gbab « P »
= a2 Z Acobo Abses - (Ggic)a Q)(GEZBC)B — Q) + “negligible error

bascasbp,cp€[N]

n (7.30), fée doredsdrage over embeddings, we can first sum over the indices by, cq, bg, cg using (7.38),
and then average over other indices i\ {bq, cqa, b, s}

Proof of (7.38). For simplicity of notation, we write bq, cqa,bs, g as b, c,b',¢’. First we notice that using
(7.37), the average of Green’s functions with only one vertex removed is also small. More precisely, the Schur
complement formula (2.5) gives

R GG\ (1) Lygon_o(L
Nd bZN; Gcc' — Nd CZN;) (Gcc’ Gb/b/ = O N 9 Nd ;Gbc/ - O N . (739)

To show (7.38), thamt@bsalthe Schur complement formula (2.5), we have

(")
G =a) + (@ H)WGY) =6 + lebc’ ZGg’;”)

a® o) a® a® (7.40)
o G(b/ Z ( b) bl > _ G , Z Z be! Mbb' )
ce b cc b
zwb Gb/l)ﬂ :v~b z~b d— lGl(J’l))’
If we average over the edges (b, c), the first term on the righthand side of (7.40) is{emedtdp1}.39); for the
second term, by the same reasoning, we can replace > _, Gg;) by > b Gg? — @; for the last term, we can

bound it by the Ward identity. More precisely, (3.26) implies that \GZSZ,);| < N~% for b ~ 2. Then (3.27)
implies

Ab/c/ G(il,)ngzG(lfi Ay N—b % b
Z Z : (bl; : 5 N Z |GI()C’)GE'b2|
e ot | G brc (7.41)
Ay N~° (b))2 b/2
S TZOGbc’ P +1Gp1?) SN2 A0 .
b~c

Thus averaging over the edges (b, ¢) for (7.40) wecamahuhedhiat

Ay w)  Ave be ®) —b/2
N 2 G =g >\ i ZN%G Q) | +O(N~*/29) |. (7.42)

b~c
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We can then average over edges (b, ¢’) in (7.42). Siendéwbazd¥.40), we can first replace Gz(; / as

G = Goer + Gy (HG® )y = Gpor + F S ab), (7.43) {{e:Gecbb2}}

x~b’

and conclude

G G ) _ ®) _ N2
2 Z cc! Nd)2 L d—1 <Z Gcw Q) (Z Gc/w Q) +O( )

b/ ~c! ob ot
1 Gy b
= 3 Y TG - QUEL) - Q)

(Nd) d—1
b~c
b/ ~c!

N*b/Q ’
i wbate ot

where for the last equality we bound |Gg?,;)| < N~Y for x ~ b,z # ¢, and |G£l,];)| SN forx~V,z#c
using (3.26). Thicgivea)(7.38). O

Third term (7.28). We recall the first few terms of I from (7.15). We have the following decomposition
for the third term in (7.28)

1
7 ZE [I(F,6)1(G € QU] = J1 + J2 + Js, (7.44) {{e:decompose
where
2(£+1) (2)
mse | (2)L,"
=33 TzZ;E[ (FF,0)1(G € 2)(GL) Q) } : (7.45) {{e:defI1}}
a€cA; it
2(4+1)( )(L(Z) + LW )
Msc lals lalp bab
=Y Y — 4+[2[Z F— I(F*,6)1(G € Q)(GLab2)y } (7.46) {{e:defI2}}
aeh;,Beln] it
kB

And J3 is an O(1)-weighted sum of terms in the form

(d _ 1)3(h—1)
> 5 E[(F,9UG € YR, (7.47) {{e:fhatRi03}
].'

where Ry, is a product of h terms in the form (7.11), WeidthatRiadns Gcapa Q or Ggl;”‘cl;ﬁ ), Moreover, either
h >3, or h =2 and Ry, (recall from (7.15)) is one of the following terms

b (b b /) bab (b ’b /)
(Gl —Q)GYY, —Q), (GP) —Q)alss), alldars,

(603, ~ Q.G x @ a2
where o # (3 € [u], o’ # B’ € [p] and {a, B} # {/, B’}

In the following we discuss the three terms Ji,Js,J3 one by one. For J;, by the same argument as
in (7.34), ve :@Guformnge one copy of (ng;c)a — Q) in (7.45) to (GEZ‘ZL —Y), and the error is bounded by
O(N~Y/2E[¥]). After such replacement, we get

(7.48) {{e:Rhform}}

gc(e-i-l)( )L(i)
> Z —y zl = lalag iy [ (F,G)1(G € Q)(G%=) —v)(GY) —Q)|, (7.49) {{e:newterm3}

a€A; i
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which is an O(1)-weighted sum of terms in the form (7.9) w{ginpwtérm3}
For Jo as in (7.46), we have the following estimate
1 (bab
<y E[I 1(G € ) |GqLare) }< d—1)2E[], .
il S ) Gy ZEBIF D UG D)6t ] S (@ - )P EY] (7.50)
a#f i
so this contribution can be absorbed into the error term £ in (7.8). {e:Gccerroro}

If we temporarily ignore the indicator and the averaging over embeddings, the claim (7.50) boils down to
compute the following quantity

1
(N2 > Acub(,Abch‘Ggl;cl;B > <. (7.51)
basca,bg,cgE[N]

Proof of (7.51). Awctagesdokd (7.51) can be bounded by the classical Ward identity (2.6), which gives
1 2 Immpy(z)
Nz 2 |Gy = Nim[] < %) (7.52)

However, the entry Gﬁi("cl;ﬁ) (the Green’s function with rows/columns b,, bz removed) depends on the choice

of these edges, but we can express it in terms of the full Green’s function G by the Schur complement formula
and bound the average using the Ward identity. For simplicity of notation, we write bq, ¢, bs, ¢ as b, c,b’, .

We start with the Schur complement formula (2.4) {eq:rwardex}

, 1 Gy —Gp
G — G — (G(Clipy) L@V, (Clrgpy) L= — b'b bb 7.53
cc ( ( |{bb }) ) ’ ( |{bb }) beGb’b’ — ng/ _be/ be ( )

Thanks to (3.21), the:Gee¢n’s function terms are bounded, and the denominators in (7.53) are bounded away
from 0, we can get

G| S (Ghr| + |Goer | + | Give| + |G, (7.54)

Then the Ward identity bound (7.52) lefelsGba’bb’}

b’
E 2 (GRS o 0 eGP+ Gael? + (Gl + (G ) 5 9 (7.55)
CL:Z’ cL:ZI;’
O

Finally, for Js, if h = 2, Ry, is given in (7.48). Thetekitke two cases
1. Ry contains a factor Gcnca Q, then we can first average over edges (by, ¢q) as in (7.31). In this case
we can bound (7.47) by the same way as for (7.30), and it is bounded by O(N~%/?E[¥])
2. Ry, contains a factor Ggicﬁf), then we can first average over edges (ba,cq), (bg, cg) as in (7.36). In this
case we can estimate (7.47) by the same way as for (7.32), and get
1 (d _ 1)3(h+1)€
(d—1)(d—1)9¢2Zx

E |I(F,9)1(G € Q(GEL = Y) Ry | + O(N"/E[W)), (7.56)

where R} | is obtained from Ry, by replacing GCO‘ZBB) by G,bs (GEZ;‘ZL —@), and it contains h+1 factors
in the form (7.11); afet xhuad@} This leads to (7.10).

If h > 3, we recall that Ry, contains either Ggi‘;)a —Q or GE’;%’;B ). There are three cases

33

{{e:Gccerror0

{{e:Gccerror}

{{eq:rwardex}

{{e:scf}}

{{e:Gcc’bb’}}

{{e:ccbb}}

{{e:rhuanG}}



1. If Ry contains a factor Gcaca @, we can change it to (Gﬁ’;acl —Y), and the error is bounded by

O(N~°/2E[T)).
2. If Ry contains two factors in the form Ggi‘zzﬁ ), by Cauchy-Schwarz inequality and similarly to (7.51),
we can bound it as

d—1 3(h—1)
Z%E I(F,G)1(G € Q)N (=20 )glabs) 2] — (N /2R [D]), (7.57)
- F
3. If Ry, does not contain any factor in the form GEZ‘EL — @, and contains exactly one factor in the form

Gﬁiﬁgﬁ), then by the same reasoning as in (7.56), up to negligible error we can replace G&chg’

b b
(G2, = Y) % (G (G2, = Q).
All three cases above lead to (7.10).

Fourth term (7.29). We recall £ from (7.14), the last term (7.29) is given by
1 -
722 B [1(F.0)1(6.G € )]

m§£€+1)(2)

A( (babp)
(d— 1)0H1 Z (GCafﬁ — Geaes ) (7.58)

a,BEA;

1 ~
= ZZE I(F,G)1(G,G € Q)

1 . 1 (bab 1
7Z]E I(F,6)1G,G € ) | Zﬂ ]]|Gc<,cﬁ - G I+ 2
i a,B€u

We can express Gcacﬁ in terms of the Green’s function G of the original graph using Schur complement
formula. In Lemma 13.3 we show

(bab
GO =GP 4 g, (7.59)

CacCp

where

Tbab (Tbab
ol S Y0 (GTVR+IGTNP + Y (G52 (G R)

~velul, acebNb - vE[p]\ {5} (7.60)
+ SGLIP +1GER) + N v,
z€T

and Ny = {z # ¢y :x ~ by} U{a,}.

After averaging over embeddings of F (i.e., over i) most sums in (7.60) afe camredtet} by (7.52). For
instance, averaging over (ba, cq) and (b, c,) bounds EUG((:EZibﬁ)lQ] via Ward identity.

The delicate case is terms such as |G£E‘;§’> |2 with # € N, where z and ¢, are graph-neighbors of a common
vertex and the embedding average does not decouple their indices. To handle these, we use a new Ward-type
bound how about call it punctured-vertex Ward bound?: if 4, j are two neighbors of a vertex o (so o ~ i and
o~ j), then
E[lmmy(z)]

“G(O) ‘ } < NP N 7

(7.61)

proved in Lemma 13.1. The idea is to perform local resampling at o, use the invariance E[|GE§) 1] = IEH@E;)) 12].
We then expand CNJS)(Z) using the Schur complement formula. Crucially, we can bound E[|é£;)(z)|2], by

IE[|G£;) (2)|?] times a small factor, and errors as in (7.52), ldaditigj etdimdpsired bound given by the right-hand
side of (7.61).
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Figure 6: Top Panel: In the forest F, red edges represent core edges C. The used core edges belong to
radius-(¢ 4 1) balls, while each unused core edge C° forms its own connected component. Together, the red
and green edges constitute the switching edges K. Bottom Panel: We construct F* from F by selecting
an unused core e ige éthe rightmost red edge), expanding it into a radius-(¢ + 1) ball, and adding u new
switching edges.

Combining (7.59), (7.60) with Ward’s identity (7.52) and the bound (7.61), we obtain

ZIE I[(F.6)1G.6e) Y (G7 —ald)| =0((d—1)*EW]),

a,BEA;

and the second line in (7.58) is O(N~*/4E[¥]). See Section 13 for the full statement and proof.

8 Switching edges, the forest and admissible functions
We recall from Proposition 7.3 that, up to negligible errors,
E[1(G € Q)(Q - Y)]
decomposes into an O(1)-weighted sum of terms of the form
E[I(F,9)1(G € Q) (GLr), - V) i), (8.1)

where F from (7.4) copgafinsfilt ssditching edges, and R; is a product of factors of the form (7.11). To estimate
(8.1), we perform a local resampling around the edge (b, ¢y ) and repeat the procedure from Section 7, which
naturally leads to an iterative scheme.

At each iteration, we locally resample the graph and express the Green’s function of the switched graph
in terms of the original one as in Section 7. Because almost all neighborhoods in G are acyclic, with
high probability the edges involved in these resamplings have large tree neighborhoods and are typically
far apart. Hence, we may regard them collectively as forming a forest. In this section, we formalize this
iterative procedure using a sequence of forests (see Figure 6), which encode all edges involved in local
resamplings.
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Fix u := d(d — 1), the number of boundary edges of the d-regular tree truncated at depth £ + 1. We
begin with a two—vertex template (an unlabeled graph):

Fo := (Vo, Eo), Vo ={i0,00}, Fo={(i0,00)}
Here ig and og are formal symbols (distinguished template vertices) that become concrete vertices of G only
once an embedding of F into G is specified.
Initialization. Construct F; from Fy as follows:
e extend the directed edge (ig, 0¢) to a truncated d-regular tree T;(og) rooted at op;
e add p boundary edges M7 = {ef, }aepu] to Te(oo) to obtain Tpy1(0o);
e introduce p new directed edges M = {ea }ac[y]-

Thus,
F1 = Te41(00) UMy, Te(00) UM = Tiq1(00). (8.2)

The subgraph F in (7.4) cdedi¢orestaibis}an embedding of F; into G.
General step. Given F; = (V, E;) and the sets M’,, M created at the previous steps, construct Fsi1
by

e choosing a (previously created) core edge e = (is,05) € M, and extending it to T¢(os);

e adding p boundary edges M/, = {e,, }acpu) to get Tes1(0s);

e adding p new directed edges M1 = {ea}ac]u]-

Explicitly,
-7:5+1 - -Fs U 72—}-1(05) U Ms—‘rla 72(03) U M;—Q—l = 724-1(05)' (83)
We refer to Figure 6 for the construction of F, 1 = F* from F, = F.

Embedding into G. Local resampling (Section 5) yields an embedding of 7y C F; C -+ C Fs41 into
G. Under an embedding we write Fy = F;, with vertex tuple iy € [N]IV*l; i, + i, and oy +— 0s. The
neighborhood Ty(os) maps to the ball By(os;G); boundary edges €/ ,e, map to ({y,a,) and (by,cq) in
g.
Core and switching edges. Let

Ks = {(i0,00) UM UM U - UM;UM,
be the set of switching edges, and

Cs = {(10,00)} U Ml J---u Ms

the core edges (each component of Fy contains exactly one core edge). Write the used core edges as
{(10,00),-..,(is—1,0s—1)} and C2 :=C;s \ {(i0,00),.-.,(is—1,05—1)} for the unused ones.

For most arguments we freeze a step and abbreviate
F=F, K=Ks, C=Cs, C°=Cy, Fr=Fep1, KT =Kop1, CT =Copr, (CO)F =C2,;4.

In general,

F=J{edu | Tn(o), K=cu |J (Te1()\Ta(o). (8.4)

eeCe (i’,0")eC\C° (i’,0")eC\C°
If we expand an unused core edge (i,0) € C° by Tyy1(0) = Te(o) UM, where M" = {e/,}ne[,], and add
M = {ea}acpy, then

Ct=CcuM, (C)T =CccuM\{(i,o)}, Ft=FUTi1(0) UM, Kft=KUMuUM'. (85)
We refer to Figure 6 for F and F+.
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Indicator for “good” embeddings. For most of this paper we view F = (V, E) as an embedded (labeled)
copy of the template in G; this amounts to choosing a vertex assignment i € [N] VI, Different choices of i yield
different embeddings. Under this convention, K, C, and C° are also regarded as embedded subgraphs of G.
With a slight abuse of notation, we write F = (i, E') to emphasize that we have fixed an embedding of F into
G. As discussed above, one local resampling step produces a new embedded forest F* = FT(it,ET) C G
with vertex tuple it.

The forest F records the edges involved in all previous local resamplings. To ensure these edges are well
separated and lie in large tree neighborhoods, we use the following indicator.

Definition 8.1. Let F = (i, E) (as in (8.4)) wehc®o#g edges C, viewed as a subgraph of a d-regular graph G
with adjacency matriz A. Define I(F,G) =1 if and only if: (i) F is embedded in G; (ii) for every (b,c) € C
and every x € By(c; G), the ball Bx(x;G) is a tree; and (i) distinct core edges are at pairwise distance at
least 3R. Equivalently,

I(F,G) = H Ay H H 1(Bx(x;G) is a tree) H 1(distg(c,c’) > 3R). (8.6)
{zy}€E (b,c)eC meBy(c;G) (be),(b',c")eC
(b,e)#£ (' )

Fix a good embedding of F = (i, F) into G €  with I(F,G) = 1. Then we perform a local resampling
around an unused core edge (¢,0). In the following lemma, we show that with high probability with respect
to the randomness of S, the randomly selected edges (b, c,) are far away from each other, and have large
tree neighborhood. In particular g~ =TsG € Q.

Lemma 8.2. Fiz a d-reqular graph G € Q, and a forest F = (i, E) (as in (8.4)) fiewded s a subgraph of
G. Assume that I(F,G) =1 and |i| < N¢/2. We consider the local resampling around an unused core edge
(i,0) € C°, with resampling data {(la, @a); (basCa)tac)u)- We denote the set of resampling data F(G) C S(G)
such that the following holds

1. for any o # B € [p], distg({ba,ca}t Ui, {bs,cs}) = 3R;
2. for any v € Be({ba, Catac)u]: 9), the radius R neighborhood of v is a tree.

Then Ps(F(G)) > 1 — N=1*2¢ (where Pg(-) is the probability with respect to the randomness of S as in
Definition 5.3). Also, for S € F(G) the following holds

1. p=d(d—1)", Wg =[] (recall from (5.2)), and G = Ts(G) € Q;

2. I(F*,G) =1 and I(F,G) = 1.

Proof of Lemma 8.2. We sequentially select (by,cq) uniformly random from G™. For any fixed a, we
consider all edges that would break the requirements of the lemma. For the first requirement, we have

Ps(distg (i Ur<pca—1 {bg, ca}, {bas ca}) <3R) S N7H(Ji| + 2p)d(d — 1)*7 < N7HH3/2, (8.7)

For the second requirement, we recall that G € Q, in which all vertices except for N¢ many have radius %
tree neighborhood. Thus

Ps (B (v, G) is not a tree for some v € By({ba, ca},G)) < NTINCd(d — 1) < N~1H3¢/2, (8.8)

The claim Pg(F(G)) > 1 — N~172¢ follows from union bounding over all « using (8.7) arfd:gn&)12}

Under our assumption I(F,G) = 1, the radius %R neighborhood of o is a tree. Thus u = d(d — 1),
Moreover, the neighborhoods Bsw/2(0,G), and By({ba,ca},G) for a € [u] are disjoint. It follows that
distg ({@a, ba, ca}, {ag, b, cg}) > R/4 for all a # B € [1], and the subgraph Bu/4({@a; ba,ca}, GT) after
adding the edge {aq, b} is a tree for all o € [u]. We conclude that Wg = [u].

Next we show that for any vertex v € [N], the excess of By (v, G) is no bigger than that of By (v,G). Then
it follows that G € Q. If dist(v, {aa, bas Ca tacfu]) = R, then By (v,G) = Bx(v,G), and the statement follows.
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Otherwise either v € Bx({aa}tac[u],9) C Bsn/2(0,G) or v € By({ba,ca},G) for some a € [p]. We will
discuss the first case. The second case can be proven in the same way, so we omit its proof. If v € By(0,G),
we denote mingep,j distg (v, {la}) = r < NR. Then Bw(v,G) is a subgraph of By (v, G) Uaelu] Br—r—1(ca,9)
after removing {(ba; ca)}acpy) and adding {(la, ca)}aepu)- By our construction of F(G), Bx—r—1(ca,G) are

disjoint trees. We conclude that By (v, G) is a tree. If v € By(0,G), we denote min, ¢y, distg (v, an) = r <R,

then Bgx(v,G) is a subgraph of B (v,G) Uselu) Bor—r—1(ba, G) after removing {(ba, ca)}aep,) and adding
{(aa,ba)taepu)- Again by our construction of F(G), By —r_1(ca,G) are disjoint trees, we conclude the excess

of By (v,G) is at most that of Be (v, G).

The claim I(F*,G) = 1 follows from the construction of F(G). It also follows from the above discussion

that Bx(v,G) is a tree for any v € By(0,G). One can then check that I(F,G) = 1. This finishes the proof of
the second statement in Lemma 8.2.

O

Number of “good” embeddings. From (8.4), each connected component of F is either an unused core
edge or a radius-(¢ 4+ 1) ball corresponding to a used core edge. The following proposition states that the
total number of embeddings where I(F,G) = 1 is approximately equal to that of choosing each connected
component independently.

Proposition 8.3. Given a template F = (V, E) with core edges C and unused core edges C° as in (8.4), as
well as a d-reqular graph G € ), we have

Z:I(f,g) =Zr (1+O (Nll_2>>

where

lenee|

Zr = (Nd)ICI ([(d _ 1)!]1+d+d(d—1)+~~+d(d—1)“1) (8.9)

Here |C| is the number of core edges; and |C \ C°| is the number of used core edges. We remark that Zr
depends only on the template F but not G.

Remark 8.4. In the rest of this article, we have many expressions in the following form
1
Z—JTZIE[I(]-‘,Q) x ()] (8.10)

Thanks to Proposition 8.3, the above expression can be viewed as an average over all possible embedding of
the template F into G.

Proof. We notice that |C| is also the number of connected components of F, and |C \ C°| is the number of
connected components in F which are balls of radius ¢ + 1.

We can prove (8.9) by induction on the number of connected components. If F consists of a single edge
F = {b, ¢} which is an unused core edge, then

ZI(}",Q) = ZAbc H 1(Bx(v,G) is a tree)) = Nd (1 +0 <Nl_13c/2>) , (8.11)
i b,c vEBL(c,G)

where we used the definition of € from Definition 3.1. If F consists of a radius (¢ + 1)-ball, corresponding
to one used core edge, then we can also first sum over its core edge. The number of choices of this is the
same as (8.11). Thevingdeserdpeer the remaining vertices. Each interior vertex of the radius-(¢ + 1) ball
contributes a factor (d — 1)!, since there are (d — 1)! ways to embed its children vertices. We get

-1 1
ZI(‘F7 g) _ Nd[(d . 1)!]1+d+d(d71)+~~-+d(d71) <1 +0 <]V1_3‘/2)> . (8.12)
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If the statement holds for F with 6 connected components, next we show it for F with 6 + 1 connected
components. We can first sum over the indices corresponding to a connected component, fixing the other
indices. If it is a single edge, we get a factor similar to (8.11); ifetHald radius-(¢ + 1) ball, we get a factor
similar to (8.12). Next we can sum over the remaining 6 connected components of F, which gives (8.9).

O

8.1 Admissible functions

Definition 8.5 (Local Green’s Function). Given a forest F = (i, E) embedded in G, we introduce the local
Green’s function L(z, F,G): for w,w’ € i,

LWUI'(Za F, g) = wa’(]:a 2, msc(z))- (813)

Given the event I(F,G) = 1, Ly is simply the Green’s function of copies of d-reqular trees (recall from
Proposition 3.3): Lyw =0 if w,w' are disconnected in F, otherwise,

dist 7 (w,w”)
Mmge(2
L = ma(z) (()> (8.14)
d—1
We also denote the centered version of the Green’s function as
GZ}w’ (Z) = wa’ (Z) - wa’ (Z7 ]:a g) (815)

When the context is clear, we will simply write G°(z), L(z,F,G) as G°, L for simplicity.

Remark 8.6. At each step, we expand the forest F = (i, E) to a new forest F* = (it, E™) by including
local resampling data (F C F+ are embedded subgraph of G). Given the event I(FT,G) = 1, the local Green’s
functions are compatible (both are given by the Green’s function of copies of d-reqular trees)

wa’(z7]:7g) :wa’(zvf+7g)a wvwl €i.
Later, we need the local Green’s function with one vertex removed: Let (i,0) € C\ C°, and recall P from
(3.5), {e:G-L}

L, = L0 (2, F,G) = PU)(F, 2, mue(2). (8.16)

w’

Definition 8.7 (Admissible Function). Consider a forest F = (i, E) as defined in (8.4), Wighdeiihing edges
K, core edges C, unused core edges C°. For any nonnegative integers r > 0, we denote the set of admissible
functions Adm(r, F,G) where a function R; € Adm(r, F,G) contains r factors of the form

{((GY — Q}pyecss (GG G ey eneess {Gotssers  (Q—me(2)). (8.17)

Remark 8.8. At each step, we expand the forest F to a new forest F* by including local resampling data.
This change also affects the admissible set of functions, which now expands as follows:
Adm(r, F,G) € Adm(r, F*,G).

We now give the general ways of bounding the terms involved in the admissible functions (recall from
Definition 8.7).

Proposition 8.9. We take z € D. Then the following holds:
1. For any factor B in (8.17), e liefcEL}

1(G € OI(F,G)|B| <N°. (8.18)
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2. Let R; € Adm(r,r,F,G) as in Definition 8.7. If Ry contains two terms of the form {G
with (¢,b) # (¢, b’) ece

0.6 Gy

cc’

_ 1\3¢r _ 1\34r pyo
% > UG e VI(F,G)R: =0 <Wq>>

i

(8.19)

If we further assume r > 3, then the expectation of (8.19) is{benethubdybddN}y */?E[W,]);

The claim (8.18) follows from the definition (3.21) of the set € and can be proved in the same way as
Lemma 3.9. Thus, we omit its proof. For (8.19), we show the case that R; contains (Gy;l,j )) . The other

cases can be proven in the same way so we omit. We can first bound the other factors of R; using (8.18), as
N=(=2)% Then (8.19) reduces to

(d _ 1)367"
ZF

(d _ 1)38r
(r— 2)bZ

(d )SZT(P

1(G e DI(F,9)|Ri| < NG—2b7,

S 16 e I(F, QGNP < (8.20)

i

which follows from the same argument as (7.51).

9 Switching using the Schur complement formula

In this section we will use the Schur complement formula to study the Green’s function after local resam-
pling. We recall the local resampling and related notation from Section 5. We also introduce the following
S-Product term.

Definition 9.1 (S-Product term). Fiz r > 0, we define R, to be a S-product term of order r (where “S”
indicates that these terms arise from expansions using the Schur complement formula) if it is a product of r
factors in the following forms:

(G —Q), G0 (Q = mee(2)), a # B € [u].

In the following proposition, we derive an expansion for factors that are Green’s function entries with both
indices in {i,0}. They can be proven in exactly the same way as Lemma 7.4 using the Schur complement
formula, so we omit their proofs.

Proposition 9.2. We assume that G,G € Q and I(F*,G) =1 (recall from (8.6)), and define the index set
A ={a € u] : distr(i,la) = £+ 1} (see Figure 5). Then the following holds

1. é((fo) —Y can be rewritten as a weighted sum

~(i m::c m::c (bad
Gy —Y = z+1 Z gbac)a - £+1 Z GcaCﬁﬁ tU+E (9.1)
Q€A a£BEA,;

where U is an O(1)-weighted sum of terms in the form (d — 1)3=YR, where r > 2, and R, is an
S-product term (see Definition 9.1) which contains ng;cl Q o chcﬁﬁ), and the error £ is given by

c ~ 1 1
_ (T)  _ (babp) AT ~lbabg)) L
€= (d— 1)1 Z (Gcacﬁ Gcacﬁ )+0 Nb/2 Z |GCQC[~} Gcacﬁ | + N2
a,BEA; o,Be[p]

(bab 1
=o| S 16O, — Gl + e
a,B€[u]
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2. Fors,s' € {i,o}, G3,, = (G — Z)Ss/ can be rewritten as a weighted sum,

- e Tl eANGE -0
a€lu]
1 o (9.3)
+ (d _ 1)@ Z CQ(]_(O( € Al)a 1(/6 S Ai))Gcacﬁ +U +g,
afelul

where ¢1(4)], |e2(+, )] < 1; U is an O(1)-weighted sum of terms of the form (Q — ms.(2)) or (d —
1)3(T’1)£Rr, where r > 2, and R, is an S-product term (see Definition 9.1); and the error € is bounded
by

(bab 1
Els Y 160, -6+ 57

CaCp
o,BE1]

In the following proposition, we derive a similar expansion for factors that are Green’s function entries
with at most one index in {4, 0}.

Proposition 9.3. We assume that G,G € Q and I(FT,G) = 1 (recall from (8.6)), fend-tdnm1&he index
set A; = {a € [u] : dist7(i,lo) = €+ 1} (see Figure 5). Then for any unused core edges (b,c) # (V/,c') €
C°\ {(4,0)}, the following holds:

1. G and C:'Z(-i’) can be rewritten as a weighted sum

1

CENE Y al(ae A)GED +U+ €, (9.4)

a€lp]

where |c1(4)] < 1; U is an O(1)-weighted sum of terms of the form (d — 1)3MRTG£ba"gb), for R, an
S-product term (see Definition 9.1) with r > 1, and the error £ is bounded by

1S S IGE — gl 4 ST |GE, — el + N2 (9.5)
aelu] a,B€[u]

2. sz and G(b can be rewritten as a weighted sum

1

m Z Cl(l(O[ S Al))GS‘:}IL)) +U + 5,

a€lu]

where |c1(4)] < 1; U is an O(1)-weighted sum of terms of the form (d — 1)3T£RTG§;‘;)), where R,. is an
S-product term (see Definition 9.1) with v > 1; and the error € is bounded by

T ba bab _
els S el -l ST 1EE, — e+ N2,
a€u] a,Be[u]

3. Gclé), G(blf ,éb ) and Gy can be rewritten as

GV =G +e, €SI G+ (d—-1)" Y |G+ (d - 1)¥N>to,
a€fu]

G =a) re, el S IGE) Q8D @ - 1) Y (TR 4 GO,

aelu]
b ~(Tv’ b ~(Tv’
GV =Gl re, Il SIG) el v d-1)t ST (G + GO0,
a€gfu]

G = Goy + &, |E| SIGY) — G|+ (d =1 Y (1GL) 2+ 1G5 ).

a€u]
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10 Switching using the Woodbury formula

In this section, we introduce a novel expansion based on the Woodbury formula (2.2). I{fetheorestEdf this
section, we assume that I(F*+,G) = 1 (recall from (8.6)). Then the switching edges (ba,Ca)acy) are far
away from each other, and have large tree neighborhood. Thanks to Lemma 8.2, I(F*,G) = 1 holds with
high probability provided I(F,G) = 1.

We compare the normalized adjacency matrix of the switched graph to that of the original graph, H-H.
We denote the adjacency matrices of our switching as

~ 1
H-H=- Z fa, &a = (Algan + Dboeq = Digea = Danba) -

aclu] d—1

We denote the rank of this difference as » = O((d — 1)¢), and rewrite
H-H=UVT,

where U, V are N x r matrices, and their nonzero rows correspond to the vertices {la, @) ba, Ca facpu]- Then,
the Woodbury formula (2.2) gives us

G-G=H-z2+UV) ' (H-2)"'=-GUI+V'GU)"'V'G. (10.1)

We recall F+ as in (8.3), afet thajote by FT the switched version of it

m

Fti=FUBi(0,0) U J{llas @), (basca)}l,  FT = FUB(0,6) U | {(las ca); (s ba)}

a=1

We view F1, Ftas subgraphs of G, g respectively. We will analyze (10.1) using local Green’s functions

L:=P(Ft,z,me(2)), L:=P(F", zme(z)), (10.2)
as was defined in Definition 3.4. We remark that condition on I(F*,G) = 1, both L and L are simply the
Green’s function of copies of d-regular trees.

Notice that when restricted to the vertex set of 7 (which contains the vertices {lq, da; bas Ca fac[u])

L'—L'=H-H=-) &=UV" (10.3)
a€fpu]

We can use the Woodbury formula on L, L as well, giving
L—L=—-LUI+V'LU)"'VTL. (10.4)

A crucial observation is that the quantity —U(I + VT LU)"'V'T in (10.1) aid:€P6p}) take very simple
form.

Lemma 10.1. We introduce the following matriz F, which is nonzero on the vertex set {ly, aq, ba, ca}ae[[u]]7

F = Z o + Z fazfﬁ' (105)
aelu] a,Be[p]
Then
F=-UI+V'LU)"'v'. (10.6)
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Proof of Lemma 10.1. The nonzero rows of U,V are parametrized by {lu,@a,ba;Catacpu]- By rearranging
the above expression (10.4) (e ~defF2d} the matrices as restricted on the vertex set of F7), we get

L'LL'— L' =—U@+V'LU)"'VT. (10.7)
We can reorganize (10.7) aqe:Fz}
_ U(]I+ VTLU)_IVT _ L—lzL—l Y o L—lzz—l + L_IZ(L_l _ Z—l) _ 71
=L 'L - Y=L -L YL@ - LY+ L'L(LT = LY

=L =LY+ L -LHLEL T =LY = ) &+ Y Lal&=F
a€lu]l  a.Belu]

(10.8)

where in the last statement we used (10.3). {e:defF2} O

Our next lemma attempts to expand G — G in terms of L — L.

Lemma 10.2. We assume that G,G € Q and I(F*,G) = 1 (recall from (8.6)), and recall G° = (G — L).
Then with overwhelmingly high probability over Z, we have:

G-G=)> GF(G°F)a, (10.9)

k>0

Proof. Thanks to (3.21), veifoen@difé} =,y € {la;0a;ba,Catacy)- We can then expand (10.1) using the
resolvent identity (2.1) and (10.6) to conclude that

G-G=-GUI+V'GU)™ W G=-GUA+V LU+V'GU)"'V'G

=-GU | M+ V'LU)"' Y (-D)FvTeUua+ Vv Loy ) | via

k>0
=> (-)"GQUI+VTLU) N (VTGUI+ VILU) ) VTG
k>0
=Y GF(G°F)*G.
k=0
This gives (10.9). O

Proposition 10.3. We assume that G,G € Q and I(F*,G) = 1 (recall from (8.6)). Then for w,w' € [N],
we have

(G = G| < (d—1)" > (1Guwsl® +Gural?). (10.10)

we{lavaaabavca}ae[[uﬂ
As a consequence, we have the following bounds

Q= Q| —m| < (d—1)* N°®. (10.11)

We start with the following estimates, which will be used later to prove Proposition 10.3.

Claim 10.4. The matriz F' from (10.5) hde semteoandiiries only on the vertices {la, Ga,ba, Catac]u], and

> |Fosr| S €(d—1)" (10.12)

5,8’ €{lasaa,basCa tacu]
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Proof of Claim 10.4. Tt is easy to see from the expression (10.5) tHet FBolwed} nonzero entries only on the
vertices {la,@a,ba,Catacpu). We remark that condition on I(F*,G) = 1, both L and L are simply the
Green’s function of copies of d-regular trees. Hence, the estimate (3.1) gives

|ZJaJ/ S (d— 1)~ distrlala)/2 for J ) € {l,a,b,c}, a,o € [u]. (10.13)
By plugging (10.13) infe:PiGThalwe get

|FJ0¢J/ /| SJ (d - 1)_diStT(lo’la,)/27 for -Ja -J/ S {l,a, b, C}7 a, Oél S ILU/]L
Z |Foor| < Z (d— 1)—dist7(la,la,)/2 < 4(d - 1)57

5,8"€{las0e b0 sCa taelu] a,a’ €[u]
where in the last inequality we used that {a’ € [u] : dist7(lo,lor) =27} = O((d —1)") for 0 < r < L. O
Proof of Proposition 10.3. For any x,y € {la;Ga;ba; Ca}ac]u], We have

‘(F(GOF)k)xy‘ < N Z |F3132| Z |F3334| T Z |F32k—1$2k| < Nﬁkbék(d - l)kz (10~14)

51,52 53,54 S2k—1,52k

{{e:Piolha}}

{{e:sunF}}

where in the first statement we used |G, | < N~° uniformly for 2,y € {la; @a;ba; Ca tacpy) from (3.21); ife:sumF}

the second statement we used (10.12).

The claim (10.10) follows from (10.9),

(G = Gww | = |>_(GF(GF) G| < > D (N (d = 1)) |Gue |Gy |
k>0 z,y€{la,0a,baCatacu] K20
< (d-— 1)Z Z |Gw:c||Gyw’| (10.15)
z,Y€{las0a,ba,Ca tacp]
< (d - 1)£ Z (|Gwm|2 + ‘Gw’m|2)~

ice{lavaavbavca}ueﬂu]]

where in the first statement we used (10.9); ifeitsedentdtatement we used (10.14); in the third statement
we sum the geometry series; in the last statement we used Cauchy-Schwartz inequality.

Next we prove (10.11) for |@ — @], the statement for |m — m| follows from (5.8). The difference Q-Q
can be rewritten as

1 1

Nd G4 = G + Au) _ (w)
NS Au(GLY — G + o ; - (G — gw)
u,v ar@afs10asCafacp w,v orCo b {tasbo} Fac
: - 1 o (10.16)
N (w) _ = (u
" Na 2 G~ N > Gy
{wvre{{la;cat{aasbattaequ] {uwre{{la,aa}{bascaltacu]

For fof,), éfﬁ) in (10.16), we ceqr@awfife them using the Schur complement formula (2.5),

2 " _ 2
G = Gy — 222 G0 = G, — S, (10.17)
uu Guu

For the difference G{%) — Ggff,), using (10.17) axfd:EtRdjenpd can bound it as

|égfé) - G&L))‘ § ‘évv - va| + |éu'u - Guv| + ‘éuu - Guu| (1018)
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By plugging (10.18) infe: (livdiffye conclude that

~ ~ ~ ~ (d—1)*
- S v T VU uv uv uu uu 10.1
Q Q|N;J(\G Guul +[Guv = Gun| + G = Gunl) + (10.19)
SICEDY > (Gual +1Gual?) S (d—1)*N°@, (10.20)
UV 2E€{la,00,ba:Ca }acp]
where in the last inequality, we used the Ward identity bound. O

11 Proof for the self-consistent equation

In this section we prove (4.23) in Theorem 4.5. As discussed in Section 8, at each iteration, we estimate
(8.1) by performing a local resampling around (7,0). We will show that the expectation breaks down into an
O(1)-weighted sum of terms in the same form. We begin with a weighted version of (8.1), as presented on
the left-hand side of (11.1) in the following proposition. Here, the additional factor (d — 1)3"* depends on
the admissible function R;. The reader can interpret this as follows: each term in (8.17) (there are r such
terms) is associated with a factor (d — 1)3¢. Thanks to Equation (8.18), even with these factors, the size of
the terms remains small, i.e. bounded by (d — 1)3*N~="" < 1. These factors are introduced to ensure that
all the expansions in this section are O(1)-weighted sums of terms, as defined in Definition 7.2. Specifically,
combinatorial factors are absorbed into (d — 1)3"*.

The proposition below expresses the expectation of Green’s functions of the graph G in terms of the
quantities of the new graph G after local resampling.

Proposition 11.1. Consider a forest F = (i,E) as in (8.4) and a function (G&Q —Y)R; with Ry €
Adm(r,G,F) and r > 1. We perform a local resampling around (i,0) € F using the resampling data
S = {(las @a); (bas Ca) Yae[u], denoting the new graph as G = Ts(G), with its corresponding Green’s function

G. Then
(d _ 1)3r£
ZF
(d _ 1)3r£

= = SR [1F.9)10.6 € 2)(C) - V)R] + (v ()

STE[I(F.0)1(G € 0)(GL) - V)R]
(11.1)

Here, éi is obtained by computing Ry for the graph G.

If we temporarily ignore the indicator and the averaging over embeddings, the above proposition reduces
to the symmetry

E[(GS) - V)R] =E[(GS) - V)R] = B[(GS) - V)| —E[(V - V)] .

The indicator I(F,G) just restrict attention to “good” placements where we have good estimates for the
Green’s function. In this regime we have |R;| < N~° and

Y = Y| = Y@, 2) - Ye(Q,2)] S 1UQ - Q)] S £(d— 1) N°® (11.2)

where we used (3.9) and (10.11). So the last term above is negligible. We omit the proof of Proposi-
tion 11.1.

The right-hand side of (11.1) involves the Green’s function of the switched graph G. The following two
propositions help evaluate them, and express them as O(1)-weighted sums of terms involving only the Green’s
function of the original graph G, with negligible error. More importantly, these terms match the structure
of the left-hand side of (11.1).
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Proposition 11.2. Given a forest F = (i, E) and a function (G((fo) —Y)R; with R; € Adm(r, F,G). We con-
struct F+ = (it, ET) (as given by (8.5)) by performing a local resampling around (i,0) € F with resampling
data S = {(la, a), (ba, Ca) tae[u], and denote G = Ts(G).

1. Letr > 2 and take R; € Adm(r, F,G). Then, up to an error of size O(N~ /4E[¥]),

(d _ 1)37‘2 N _ (i) "
(d— 1275, ;E [1(F*.9)1(0.G € Q)G - V) Es (11.3)

can be rewritten as an O(1)-weighted sum of terms in the following form

(d— 1)3r+£ n 0

— N E[(G e DI(FH,G)(GP) — V)R], 11.4

T Dz S ENG € DI OEL, V)R (1L.4)
where Ry+ € Adm(rt, F,G), where either q* > q+ 1,77 >r; orqt >q,r" >r+1.

2. Let Ry = (Ggl()) — Q). Then, up to an error of size O((d — 1)~ %/2N°E[¥]),

1

Tz BT 9U6.G € (G - V)R] (11.5)

can be rewritten as an O(1)-weighted sum of terms in the form of (11.4) w{ghHighe Adrel}™, FT,G),
where v+ > 2 and qT > 0, or in the following form

1

R D E[L(G € DI(FT, GG, - V)G - Q) (11.6)

where g > q+ 1.
The claim (4.23) follorksdirern dheratihg Proposition 11.1 and Proposition 11.2.
Proof of (4.23). We recall the sequence of forests Fo C F; C Fa C --- from Section 8. They encode

all edges involved in local resamplings. By Claim 7.1 and Proposition 7.3, up to an error (d — 1)*E[¥],
E[1(G € 2)(Q —Y)] is an O(1)-weighted sum of terms of the following two forms

1
=175 Y E[1(G € QI(F1,G) (G, = V) (G - Q) (11.7)
where q > 0; or
(d _ 1)3r€ (be)
> E[L(G € Q)I(F1,6) (G — YRy, (11.8)

(d— 1) Zy, 2

where q > 0 and r > 2, and the function R;, € Adm(r, F1,G).

The above expression (11.7) alfensw2ith the form of Proposition 11.1, allowing us to apply Proposition 11.1
and Proposition 11.2 for the iteration process. The result in Proposition 11.2 essentially states that, after
further expansion, (11.7) either maintain the same form with an additional factor of (d — 1)~%2, or they
transform into (11.8). Similarly, after expansion, (11.8) remains in the same form, either with an additional
(d — 1)7*/2 factor, or an extra term in the form of (8.17), which is bounded by N=° < (d — 1)=*2. There-
fore, after finitely many steps, namely O(4log,_;(N)/¢), all terms are bounded by O(N~2) = O(E[¥]/N).
Meanwhile the errors from Proposition 11.1 and Proposition 11.2 are all bounded by O((d — 1)2“E[¥]). This
gives (4.23).

O
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11.1 Proof of Proposition 11.2

We denote R; € Adm(r, F,G) in Proposition 11.2 (as in Definition 8.7), which contains r factors in the
form of (8.17).

In the following we prove Proposition 11.2 assuming q¢ = 0. The case with q > 1 follows from simply
multiplying (d — 1)~9/2. In order to use our various propositions from Section ?? and Section 10 that allow

us to reduce (éﬁfg — Y)Ei to terms of the unswitched graph G, we need to classify the factors of R; based on
their dependence on i, 0. Let

=@GY-Y), rRi=]]B, (11.9)

where B; is of one of the following forms

{GY — Q}p.oyecos {G,(fcb),G“ aGiva((,?}(i,o)#(b,c)ECOa

b)) (11.10)
{Geer s Gy s Gow Yi0)£(b,0), (b e yeces (@ — Mise(2)).

We can write (11.3) (WiiBhist]) as

(dZ;)W S E[I(FH9)1G.G € G - V)R
e 1 (11.11)
:Aiaf—Zﬁz( ,G)1(G,G € Q)(G H

In the following we discuss the terms B; as in (11.9) afferstwplaceb}esampling. In Item 1-Item 5 below, for
any h > 0, we denote Ry, a product of h factors of the form

(GY —Q), {G"),6Y). Gwl, (Q —mue(2)), (11.12)

where (b,c) # (V/,c’) € KT. They are terms from Proposition 9.2 and Proposition 9.3. We refer to Figure 7

for a picture illustration.
1. By Proposition 9.2, éffo) -Y = EO + &y, where §0 is given by
2(¢+1) 2(@+1)
s Msc (Z) msc bab
By = [CEnE Z (Gﬁﬁca - Q)+ €+1 Z Ggacff) (11.13)
acA; #BEA;

Here, Uy is an O(1)-weighted sum of terms of the form (d — 1)3*=V!R, with h > 2, and each term

contains at least one factor of the form (Ggl;“cl - Q) o GS;J;B ; & is £ in the first statement of

Proposition 9.2.
2. For B; = (ngo) — @) we can first rewrite Ej as

= (@0 -Q) = (@R -YV)+ (Y -Q),

then expand according to Proposition 9.2. This gives that Ej = Ej + &;, where

B. — (ba) (babs)
Bj= 1= 1 (d—1)e+1 Z (Ges, — 4+1 Z GCQCB (11.14)
a€ch; aFBEA;

Here U; is an O(1)-weighted sum of terms of the form (d — 1)3*=V!Ry, with h > 2; & is € + (Y —
Q) + (Q — Q)) in the first statement of Proposition 9.2.
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(G —Y) M B; = B; € {G, ¢V Ix

EJ’ € {Gz’mGl()?} X

(égzo) = @) X other Bj

ZaEAi (ch)xac)a - Q)
_1)et
[@=1) D aequ) S € A))GED D e (1 € Ai))GS;‘Z)
Sassen, Geaes (d—1)%> (d—1)42 B;
(d— 1) t: (A~ )™, U (d- 1%,
Uy : (d—1)0-V'R,

Figure 7: Schematic decomposition of the expression into three cases and products.

3. For B; € {Golcb ,G }(l 0)#(b,c)ece, Dy Proposition 9.3, we have B = B + &;, where

Bj=(d—1)7"*Y" c(1(a € A)GLD + U,
a€lp]

(11.15)

Here U; is an O(1)-weighted sum of terms of the form (d — I)BMRhGg;%b) with h >

the first statement of Proposition 9.3.

1; and &; is € in

For B; € {G, Ggib)}(i,o);é(b,c)eC% we have a similar expansion B; = B + &;, where

By = (-1 Y a(llae AL +Us.

o (11.16)
a€fu]

Here U; is an O(1)-weighted sum of terms of the form (d — 1)3thhG£l;“b) with h >
second statement of Proposition 9.3.

2; £ is € in the

4. For B; € {GY,c")

o’ 7G ber ,be/}(b )£ ceco, by Proposition 9.3, we have B = B + &;, where
B =U; =

Bj, and &; is £ in the third statements of Proposition 9.3.
5. For B; = Q@ — mgc(2), we have by the statement (10.11) in{Prhpekitiah 10.3, Bj = Bj + &;, where
Bj =U; = B;, and |&;| < (d — 1)**N°®.

We can replace (CNJ((,ZO) - )HJ 1 B in (11.11) with H] —0 B , with the overall error from this substitution
being negligible.
Lemma 11.3. Adopt the notation and assumptions in Proposition 11.2, we can rewrite (11.11) as

_1)3%} E|I(F,0)1G e ][] B;| +oW~

Jj=0

(11.11) ={ *2E[0]). (11.17)

If we temporarily ignore the indicator and the averaging over embeddings, the total substitution error
satisfies

(d =1 N0y CE[IE )
7=0
N~" in (8.18). [ésimetkhp same argument as in (7.58), we obtain
(d — 1)?’E[¥] in all five cases above, except for Item 2, where we also have the additional errors

which follows from the bound |B;| <
E[l&]] <
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(ignoring the indicator functions)
E[lY - Q| +10 - QI] S N*/°E[¥] + E[(d — 1)*N°a], (11.18)

where we used the definitions (4.22) and estimate (10.11). Finally, (11.17) follows from the fact that r >
1.

We can further decompose (d — 1)37 ITj=o Ej in (11.17). The discussions in Item 1-Item 5 provide the

decomposition of (d —1)*"*T]’_, B; as an O(1)-weighted sum of terms of the following form:

k3/2

(d— 1 3he
e e S | CN | (1 | NS
a,B,y m=1

Here the summation for a;, 3,y runs through each a,,, S, ¥m in one of the sets [u], A; or [u] \ A; (we recall
A; from Figure 5). The factors in (11.19) arfe defiatedne}follows:

G(b , Bs e {Gcbgcb),G bﬁ)} , C ngcb//)-
= (G —Q), Bg ae 1 Gegt f ) yeea? O 3 (11.20)

Here A, originates from ng“c) — Q in (11.13), ({d:d43ABBs comes from G&Z%b),G(bog) in (11.15), (11.16).
C. are from Gca‘if) (11.13), (11.14). In total there are ki + ks + k3/2 such terms. Ry, , _, ks /2
collects all R, factors from U; as in Item 1-Item 5, with a total count of h +1—ky — ko — k;g/? Thus,
the summand in (11. 1()) consists of h + 1 factors in total. We notice that after expansion, each B] gives

at least one term, so h+132r+1 Finally the coefficient (d — 1)3hé arises from the following crucial
observation: in the replacements outlined in Item 1-Item 5, each term (d — 1)3£Bj is replaced by one of the
terms (d — 1)3*A,, (d — 1)3¢Ag, (d — 1)3*C.,,/ as in (11.20), or a factor Ry, (as in (11.12)) for h > 1 with
coefficient at most (d — 1)3"*. This leads to the following statement

Claim 11.4. (11.17) can be written as an O(1)-weighted sum of terms of the following form.: Forh>r

_ 1 3he .
+ :
d— 1)(k1+(k2+k3)/2 )2 Z Z 7rt x E {I(}" ,G)1(G € Q)Rﬁ} ;
a,B i
oo (11.21)

EH = h+1 H Aocm H Bﬂm H C'Yzm 1’Yzm )
Here R+

f41 08 the summand in (11.19). ﬁetbﬁetmym}Rﬁ € Adm(h—|— 1,F*,G). The summation for a, 3,7 is
over each Qumy, B, Ym 0 one of the sets [u], A; or [u] \ Ai; and the factors in (11.21) are given by (11.20),
and E(x) = Rﬁ+17krkrk3/2 is a product of the remaining terms which depends on {by, ¢y }xex for some

x C [u]-

The summation over o, 3,4 in (11.21) produces (d — 1)*1T*2+k3)¢ terms of the form (11.4). Note that
this number is much larger than the normalization factor (d— 1)(F1+(*k2+k3)/2)¢ ip the denominator. However,
as we will show in Lemma 11.6, most of these terms can be seen almost immediately to be negligible. The
cancellation mechanism is similar to those in (7.31) and (7.38). Before stating Lemma 11.6, we first introduce
some notation.

We view «, 3,4, x as words, which are sequences of indices in [u]. In particular (e, 3,4) is a word with
length ki + ko + k3. Given x, we partition words w € [u]* T*2**s into equivalence classes. Two words
w ~ w’ are equivalent if there is a bijection on [u] which preserves x and maps w to w’. We remark that
the expectation in (11.21) depends only on the equivalence class of (a, 3,4).

For any fo, fi > 0, let W(fo, f1) denote a set of representatives for equivalence classes of [u]*1T+2Fks,
Here, for a word w € W(fo, f1), fo is the number of distinct indices (ignoring multiplicity) that do not appear
in x, and f; is the number of these indices appearing exactly once in w. The length of w is k1 + ko + k3,
and fo — f1 of these distinct indices appear at least twice in w. This implies

ki+ke+ks— f1=22(fo—fi) = ki +ka+ks >2f— fi. (11.22)
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Example 11.5. The following are two possible terms of Ri-%— :

bs ba _ — _
AlAQBQC47C37Gc82(G( ) — Q)a w = (aaﬁ,'.y) - (17 2)7 (2)7 (47 77 33 7)7 X = (874)7

CqCq

A1A5B5O49039G222(G£i451 - Q)a w/ = (al7ﬂ177/) = (17 5)7 (S)a (45 9,37 9)’ X = (8’4)

In this example, w ~ w' (by mapping 2 to 5 and 7 to 9, and keeping all other indices in [u] fized). By
permutation invariance of the vertices, the two terms above have the same expectation. Moreover, in w the
indices 1,2,3,7 do not appear in x = (8,4), and among them 1 and 3 appear only once, so w € W(4,2).

The expectation in (11.21) ddeefidsidnly on the equivalence class of (a, 3,~). Moreover, for fixed fy and
f1, the summation of (a, 3,7) ~ w, contains O((d — 1)/°%) terms. Thus for the summation over (c, 3,7) in
(11.21), we can first sum over the equivalence classes. We recall the summand from (11.21)

GV o P "
Z TE [I(]: ,G)1(G € Q)R+ (o, B,7, %) | - (11.23) {{e:partition
i+

We then have

1
(11.21) :{fﬁ*f”ﬁ?fﬁ??ﬁm > (11.23) {{e:partition}}

a8,y

1 s
T (d = 1)kt (katka) /2)2 > D > (112), {fe:partitiond) 54) (fe.partition
fo,f1 weW(fo,f1) (e,3,7)~w

O((d — 1)70%) ‘ s
— Z Z 0= 1)) 0 x (11.23). {{e:partition}}
fo,f1 (@,B,7)EW(fo,f1)

The following lemma states that for given a, 3,7, the summands in the last term of (11.24) is{eidemtition}
negligible, or it can be reduced to a term as in (11.26) below, where each index in «, 3, appears at least
twice in R, .

{1:erbu}
Lemma 11.6. Fiz 0 < f1 < fo satisfying (11.22), and a word (o, B,7) € W(fo, f1). Let lsingle C [1] denote
the set of indices that appear only once among (o, 3,7), and do not appear in x. Then |lsngle| = f1, and
(d — 1)fo (d —1)3he . ~
(d— 1)kt (hatha) /D £ 7, <E|IFT9)1(G Q)Rﬁ(a’ﬁ’%xﬂ (11.25)  {{e:oneternt}
1

satisfies
1. If there exists oy, € lgngle then (11.25) = O(N~/4E[P]).
2. Otherwise,

— 1)3(h+f1)e
(11.25) ={ (et
—1)d Ft+ 5

Y E [1(#, G)1(G € Q)(d—1)""/2Rl, | + O(N"/*E[W]),  (11.26) {{e:oneterm2}
it

where gt = k1/2+ (k1 + ko + ks —2fo+6f1) >0, and Rl € Adm(ﬁ + f1+1,FT,G) is obtained from

§i+ by making the following substitutions:

bg, b b b b
GOl = G (G, —Q), GV = Gy, WG~ Q) Bin € bingles

B
b (b

(>vam_1 v2m—1)
G Cyom—1CYam—1 Q)v Y2m—1 € Isinglev T2m € lsinglev

Y2m ) (o)
=G, (G

“¥2m—1%v2m m—1Cv2m
® b ) ® ) (5 ) (11.27) {{e:final_rep
Y2am—172m Yam—1 Yam . .
Gc'72m—lc’72'rn = GC’Ysz1b’Yzm (Gcwzm Cyom Q)> Y2m—1 §é Ismgle» Yom € |s1ngle7
(572 —10v2m) (>v2pm—1) (bvz,,)
Gc“f2m71 Crom 7 Gbmm—l brom (GC'Ymel Cyom—1 Q) (GCszm Cyom Q)’ Y2m—1,72m € Isingle~
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The first statement in Lemma 11.6 extends (7.30), afet theafomeiadajm in (11.27) extends (7.32). Since
the underlying ideas are analogous, we omit the proof. The first three claims in (11.27) essentially follow
from the following estimates:

1
— Y A, A Gl
ba,ca €[N]
1 Gl
=~ Z Ac.b., Abcﬁ(Gg}ca - Q) + “negligible error,”,
ba,ca €[N] 11.28
1 A A (ba) ( )
Ni Z Ccaba chcab
ba,ca €[N]
_ L Z Aq b Ap Grab (G(ba) — Q) + “negligible error,”
Caba C\/dj CaCa )
ba,ca €[N]

which can be proven in the same manner as (7.38). Aeaium_oweoinitethe proof. We can repeat the above
substitutions for all f; indices in lgingle, Which appear only once among (e, 3,7) and do not appear in x.
Each substitution contributes an extra factor, and after these substitutions

Ry = (d—1)""/?Rl,, R, € Adm(h+ f, +1,F",G), (11.29)

and
qJr =2k +ko+ks—2fp+6f1 :k1/2+(k’1+k’2+k372f0+6fl).

We remark that in (11.26), if T > 1, we gain an additional factor of (d — 1)~*/2. We do not obtain this
extra factor only if £y = 0, f1 = 0 and each index in (e, 3,7) appears exactly twice without appearing in x
(SO ko + ks = 2f0)

Proof of (11.3) in Proposition 11.2. Up to a negligible error, the expression (11.3) can be rewritten as an
O(1)-weighted sum of terms in the form of (11.25). We also refer back to the more explicit expression given
in (11.19) and (11.21). If the assumptions in the first statement in Lemma 11.6 hold, there is nothing to
prove. So in the rest of the proof we can focus on the second case (11.26).

There are several cases in which we can apply (11.26), based on the decomposition of By (as in (11.13))
. ‘ _ ba ¢ _ bab
using terms mx ™ (2)(d — 1)~ Ty (GEEL — Q) mi T (2)(d — )T e (G — Q) ora
term in Uy. We treat each of these separately.

1. Assume Ry in (11.21) contains the factor mZHD (2)(d—1)~(+D) D wcA, (Gél;‘zl —Q) from the decompo-
sition of By, then in (11.26), k; > 1 and R{, contains a factor (G&’;‘z)a —Q). Let R}, = (GS};L —Q)Ry+,

then Ry+ € Adm(ﬁ + f1,FT,G) (recall from (11.26)). We claim that replacing Q with Y yields a
negligible error. To see this, we write

(d — 1)3(h+f0)e ) o
-z LB [IF 916 e (G - Q)R]
(d— 1)3(ﬁ+f1)£

= W)z, ;E [I(f+>g)1(g € Q) (Gl — Y)Ri+] (11.30)

_ 1)3(h+f1)e
H% ZE [I(f+,g)1(g €Q)(Q - Y)RH] .

o1
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Note that k1 > 1, so g7 > 1, and the second term on the right-hand side of (11.30) is{leofitnkidaqys

d (h+11)
MZE G)1(G € 0)|Q — Y| Ri+|]
d — 1)3(+ ) N—(h+f1)b
~ ( )(d —1)ater? E[1(G € Q)|Q - Y| S N **E[¥],

where in the first inequality we used (8.18); in the second inequality we used (4.22) and h>r>2 The
>h >

first term on the right-hand side of (11.30) is in the form of (11.4), by setting r* = h+ fi > {ii:offab}

2. If R+ in (11.21) contains the factor msc(ul)( )(d — 1)~ Dot Cl;cl;f) from the decomposition

of By, then ks > 2 in (11.26). There are several cases for the factor Gﬁl;c’;ﬁ contained in Ry+.

If in Ri+ (from (11.21)) a € lgingle, then fi; > 1in (11.26). Also, (11.27) implies that R;, contains

GEZ“CL — Q. By the same argument as in (11.30), this leads to (11.4) by setting r™ = h+fi>r—+1.
The same conclusion holds if 8 € lgngle-

In the remaining cases o, ¢ Ismgle There are again two cases: either Eﬁ in (11.21) contains at

least two terms in the form {GCC, ,G(b,,be/}(b )£V ,e')ekcts OF R,+ in (11.21) contains both factors
b
(GE2, — Q). (G - Q).

In the first case, if Ry+ in (11.21) contains at least two terms in the form {G(bb ) pru G }(b,e) (b ' )ekc

so does (11.26). By our assumption r > 2, we have h+ fi+tl> h+1 > r+ 1> 3. We remark that
this is the only point in the argument where the assumption 7 > 2 is required; all other parts of the
proof remain valid for r > 1. Then (8.19) (with r taking value h + f1 + 1 > 3) implies that (11.26) is
bounded by O(N~°/2E[¥]).

In the second case, R+ in (11.21) contains factors (GS;‘*CL -Q), (GE‘;%L — @). Then they are either
contained in F(x) or k; > 1. In both cases q* > 1 in (11.26). The same argument as in (11.30) leads

o (11.4), by setting r+ = htfizh>r.

3. In the remaining case, R+ in (11.21) contains a factor (d — 1)3(=1D¢R, from Uy in the decomposition
(11.13) of By. Here h > 2, Ry, is an S-product term (recall from Definition 9.1), and it contains at
least one factor of the form (Gﬁ’;%’jﬁ) -Q)o Gﬁic’;ﬁ ) Moreover, in this case the factor Ry, is included

in E(x)in (11.21), and h =7+ (h—1) > r + 1.

If Ry, contains at least one term of the form (Gg;za — Q), by the same argument as in (11.30), (11.26)
leads to (11.4) with r* =h+ fi > h >r+ 1.

In the other cases, R, contains at least one term of the form Gﬁi‘é’;ﬁ ), By the same argument as in

the second statement of Lemma 11.6, if {ba,ca} do not appear in other terms of Ry+ (but {bs,cp}
do appear), we can replace Gcl;cl;ﬁ by beﬁcﬁ( Caca —Q)/vd—1);if {bg,cs} do not appear in other
terms of Ri+ (but {ba,cq} do appear), we can replace Ggicl:f) by Gz()l;ca (ngfc)ﬁ, —Q)/vd—1); and if
{ba,ca,bs, cg} do not appear in other terms of Ri+, we can replace it by Gbabﬁ(GEbacL — Q)(Ggﬁ)ﬁ —

Q)/(d—1). Moreover, the errors from such replacements are bounded by O(N~°/4E[¥]). Then by the
same argument as in Item 2, either (11.26) is bounded by O(N~*/4E[¥]), or (11.26) leads to (11.4)

with rt > h—l—fl/ >r+1.
O

Proof of (11.5) in Proposition 11.2. Up to a negligible error, the expression (11.5) can also be rewritten as
an O(1)-weighted sum of terms in the form of (11.25). We also refer back to the more explicit expression
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given in (11.19) and (11.21). If the assumptions in the first statement in Lemma 11.6 hold, there is nothing
to prove. So in the rest of the proof we can focus on the second case (11.26).

We recall that in (11.5), » = 1 and By = (Ggfo) —Q). If h+ f1 > 2 (from (11.26)), we can proceed in
exactly the same manner as in the proof of (11.3). Otherwise, h = 1 and f; = 0. We assume this scenario
in the following discussion.

1. Assume Ry in (11. 21) contains m2€+2(2)(d 1)~ ¢+ Y aen, (G ((;Z"CL — @) from the decomposition

(11.13) of By. Since h =1, f; = 0, R;+ also contains mbc(“l)( )(d — 1)~ (1) ZaeAi(ng’C)a — Q) from
the decomposition of B; (we recall the precise coefficients from (9.1)). Then (11.26) is of the form

4(e+1)

a1 e L O

a€A; it

1(G € OI(FT,G)(Gl) — Q)2 (11.31)

Z].-+

After replacing a copy of (GEQCL —Q) by (Gﬁ’;g -Y), (11.31) is{anna{h)Iweighted sum of terms in the
form (11.6) with q* = 2, and the error is bounded by O(N~*/?E[¥]).

2. If Ry+ in (11.21) contains msc(eﬂ)( )(d — 1)~ (+D) D atBeA; GEZ@Z‘*) from the decomposition (11.13)

of By. Since h = 1,f; = 0, Ry+ also contains m2"™(2)(d — 1)~ D) Y spen, G2") from the

decomposition of By (we recall the precise coefficients from (9.1)). Then (11.2()) is of the form

2m4(z+1)( )
(d— DD

> Zl E[1(G € Q)I(F,G)(GL)2. (11.32)

a#tpen; it T

By (8.19) wighmain2} the quantity in (11.32) is bounded by O(N°E[¥]), where we also used that the
factor (d —1)~2(+1) is canceled by the summation over a # 3, which contains O((d— 1)2(“‘1)) terms.

3. In the remaining case, Ri+ in (11.21) contains a factor (d — 1)3®=D!R, with h > 2 from Uy in the
decomposition (11.13) of By. Then h > r +1 > 2

O

12 Proof of the first loop equation

In this section, we prove the first loop equation (4.25). We need to identify the leading order error terms
from Proposition 7.3 and Proposition 11.2. These refined estimates are presented in the following three
propositions.

Proposition 12.1. Adopt the notation and assumptions in Proposition 7.3, and define the index set A; :=
{a € [y] : distr(i,1o) = £+ 1} (see Figure 5). We recall the local Green’s functions L and L' (with vertex
1 removed) from (8.13) and (8.16). Iy in (7.8) explicitly given by

2(e+1)(Z)L(1)

h=23. > WI@[ (FHLO1(G € (G, - V)G, - Q). (12.1)

We have the following refined expression for the error term £ in (7.8) {e:casel erm}

£ = (12.3) +{{&: d)er{Q¢Ra3Sr e} } (12.2)
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where

2(e+1)(z)

Msc bub
(123)= 32 3 g B IFT9U6,6 € 0)(GLL, - G (12.3)
a,BEA; it
SC(['H)(Z)(L(U JrL(i) )
(12.4) =(e: st Jmdh- — flféﬁz SR [1(F, 901G € )(GL)?] (12.4)
a€EA; fﬁeﬂw i+ Ft

Proposition 12.2. Adopt the notation and assumptions in Proposition 11.2. The error from expanding Iy
(from (12.1)) ds inetbhd eraQfiven by

(1 ) (msc(z) )2“2> 2mcé(z>msc”1 1(G € QI(F*, G) (G2 + O(N P/ E[W)).

_ 20+3
d 1 d aFEBEA; it

(12.5)

For z close to the spectral edge +2, the following proposition gives refined estimates for the error terms

n (12.3), ({8:4yaakd dirobd}

Proposition 12.3. Adopt the notation and assumptions in Proposition 7.3, and recall A from (1.3). For
z € D (recall from (1.8)) and |z — 2| < N~9, we have the following estimates for the terms involved in the
error (12.2):

(12 ~((roglorary ) pE[16 e %2 o ((E), (126)

(12.4) :{(%{ef;ineflj: 1. M+ ))j [ (G e Q){)";VN(Z)] +O((dE£\IJ1])£), (12.7)

Moreover, the error (12.5) sdkisfiesine_Gccerror}

{fﬁ;mi?g} { G eQ) 6]\](2)} +0 <(dE£‘I’1})Z> . (12.8)

If |z + 2| < N8, analogous statements hold after multiplying the right-hand sides by —1.

Proof of Theorem 4.5. We will prove (4.25) ofbyciigc3y — 2| < N9, the other case |z + 2| < N9 can
be established in exactly the same way. To prove (4.25), we must track the errors from the iteration
process more carefully. These refined error estimates are presented in Proposition 12.1, Proposition 12.2 and
Proposition 12.2. By adding (12.6) and (12.7), the error £ from Proposition 7.3 is given by

_ <£ 1o dEQ) %E {1(9 c Q)W} +0 <(dE£‘I’1})Z> . (12.9)

From Proposition 11.2, the error from expanding (11.3) is{sufilal.erdootthded by O(N~ /‘E[¥]. The
errors from expanding (11.5) with q > 1 are bounded by O((d — 1)~*/2N°E[¥]). For q = 0, the error from
expanding (11.5) is given in (12.5) and (12.8)

2 1g {1(gem8z"w(z)} +o< ELY ) (12.10)

S d—2 A2 N (d—1)°

The correction terms in the microscopic loop equation (4.25) is{ebttimet] dyrsud}ming the refined errors from
(12.9) and (12.10).

O
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Proof of Proposition 12.1. The first statement (12.1) is from (7.49). The decomposition of the error £ as in
(12.2) is from the first term in (7.58) and Js in (7.46). O

Proof of Proposition 12.2. We recall I; from (12.1). Conditioned on I(F*,G) = 1, the expectation in (12.1)
does not depend on . Moreover, |A;| = (d— 1)1, and by (3.2), Ll(i)la =mg(2)(1— (—msc(2)/Vd — 1)*F2).
We denote (i,0) = (ba,cq) and (F,i) = (F1,i"), and rewrite I from (12.1) as

me(2) \ 7\ ma(z)mi Y (2)
(1_<d—1> ) d( d—1)Zr ZE{ 1(G € D)(GL) - Y)(GY) - Q) (12.11)

which is in the form of (11.5), ufe tDithewsitsthnt.

From the proof of (11.5) in Proposition 11.2, the errors from expanding (11.5) are either bounded by
O(N~Y/4E[¥]), or given by (11.32). Thus, the error from expanding (12.11) is given by

20+2 6(i+1)
(1 B <msc(Z)) > de(il )msc%+3 g c Q) (J:+,g)(G§l;°cZB))2] + O(Nfb/‘lIE[\IJ]),
d—1 a#BEA; it

This finishes the proof of (12.5).

Proof of Proposition 12.3. To illustrate the basic ideas, we will only prove (12.7).

First we notice that the expectation does not depend on («a, §). Thus we we can first sum over « € A;, o #
[ for the coefficient

mzc(é"'l) L(Z) + L(z) Y.
> Ed)f f?éiz i) _ (Zf; - d(j_ ;) —(t+1)+0((d- 1)f)> (12.12)

ach;,BElu]
a#p

We notice that for |z +2| < N9,
mse(z) = =1+ 0(V/]z —2]) = =1+ O(N"¢/3),

ma(z) = —% +0(]z-2|) = —% +O(N~9/2),

Moreover, when I(F*,G) = 1, vertex o has radius R tree neighborhood. Then p = d(d—1)%, |A;| = (d—1)**1,
L(’) and Ll )l are given explicitly by the Green’s function of trees from Proposition 3.3. Equation (12.12)
foﬁows from dlrect computation, we omit it.

By plugging (12.12) infe:fuk2md)} we get

(12.4) —{(%{?d;ginﬁ(g;l) (0+1)+0(( ) Z

-2

(12.13)

[ *,9)1(G € Q)(G CZJ;B))Q] (12.14)

Z;+

Next we show
it

and (12.7) follomsdreged@mbining (12.14) and (12.15)

E [I(F, G)1(G € Q)(GL) [1(g €Q) 8Zm(z)] +0 (N"’/Q]E[\If]) , (12.15)

Zr+ ) } A2 N

If we temporarily ignore the indicator and the averaging over embeddings, writing (ba,cq,bg,cp) as
(b,c, b, '), the above statement (12.15) reduces to computing

1 9.m _
7 Z (G2 = e N( )+O(N 0/2g). (12.16)
b

/NC/
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We start with the Schur complement formula (2.4) {e:remove_indices}

_ _ ]. G v —G ’
G = G — (G(Gliwy) Dty (Glawy) ' = o | 0 bb 12.17
cc o = (G(Glpyy) ™ Gleers  (Gliewy) GG — 2 | ~Guy G (12.17)
Conditioned on I(F*,G) =1, by (3.21) and (12.13), the terms
vd—1 vd—1

Gbc - d ) Gb’c’ - d ) be’7 Gbc’a Gcb’a Gcc/
d _12 d—1 d—1 d—1 (12.18)

be—i—ﬁ Gee P Gy + P Gc’c’+ﬁa

are all bounded by O(N~°). The Schur complement formula (2.5) infplgentered erm}

/ GC G c! Gc /G /! GC G /G /el
G = Gy — L0 TYIVE  ZTAIWEVE 4 0 (|G [ + |G + |G + |G )
bb b'b’ bbIb'b!
_ G ,_ Gbcl _ Gcb/ + be/ + g (12~19)
CoVd—1 Vd-1

where [E] S N™°(|Gopr| + |Goer| + |Gewr | + |Geer ).
By plugging (12.19) infe: teadwstostdtement in (12.16), we get

(bb) Gper Gey be/ —b/2
i L O i T (6= g -+ ) +ov e
brc

b’~c’ b/ ~e! (12.20)
1 9.m(z) —b/2
— 5 L O(N ).

where in the first statement we used the Ward identity (7.52) to{®&oatpudrtdid error; and the second statement
follows from repeated using the following relations

ﬁ Z Gav = (HG)uy = 2Gup + 0us = 2Gup + Suw + O(N78|Gu)), (12.21)
Tr G2 a.m(z
] ZG l_ N( ) (12.22)

O

13 Error from local resampling

In this section we prove the estimates for the error terms arising from the local resampling used to bound
(7.29). A key ingredient is the following punctured-vertex Ward bound.

Proposition 13.1. We take z € D, and recall the indicator functions
I({o,i},G) = Apil(Bx(0,G) is a tree) (13.1)

from (7.3). Then the following holds fori,j ~ o and i # j,

v 2 ElI((i.0h. 0l P) S EINa). (132)

0€[N]

As a consequence of Proposition 13.1, the following proposition states that during the local resampling,
the errors £ from Lemma 7.4 (after averaging) are negligible. Proposition 13.2 follows from Proposition 13.1
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and Schur complement formula (2.4). Thespmeafd tfcPunpasjtion 13.1 and Proposition 13.2 will be given in
Section 13.2.

We recall the resampling data S = {(la; @a); (ba; Ca) }aepu] @round o from Section 5, and let
F:={i,o}, F':=B0,6)U{(a,aa), (bas €a) Yaepu] = Bey1(0,G) U {(ba, ca) taclu = (it,E"), (13.3)

which contains all the switching edges, see Figure 4. We also recall the following indictor function from
(8.6) {e:cF_copy}

I(F,G) = Aio H 1(Bx(2;G) is a tree) (13.4)
x€B¢(0;G)
I(F,0) = [ A II  1Bx(x:0) is a tree) 1T 1(distg(c,¢’) > 3%R).  (13.5)
{Iyy}€E+ Cei”éjgi*((‘yg)cu} C#C’G{C’,Cl,"' ,Cu}

Proposition 13.2. We take z € D, and denote the resampling data S = {(la;@a); (ba;Ca)}ac)u], the
following holds

bab
zf+ZE I(FH 91 € O)|GE,, — G| S (d— 1)'E[N°@). (13.6)
it

13.1 Schur complement formula revisit

Adopt the notations as in the proof of Lemma 7.4, and condition on that I(F*,G) = 1, so the switching
edges have tree neighborhood and are far away from each other. Then the normalized adjacency matrix
H® of ¢M is in the block form

7 _ E&JT) BT
| B AD
Wwe

We also denote the Green’s function of G(» and G(™ as G and G(D respectively.

), with G327 Then G4 can be obtained

from G&(}Cﬂ through the following steps. First, we remove W = {b1,bq,--- ,b,}, which gives G&EX); we then

add W\ {bs,bg} back, which gives Ggiﬁbﬁ ), finally we add T back, Wthh gives ngczﬁ . The errors from

these replacements are explicit, thanks to the Schur complement formulas (2.4): {eq:task2}

In this section, we investigate the error from replacing Gca

écacﬁ G('JI‘W (G BGO|wBTG™™), ., (13.7)
Glrey — Gglisbﬁ) (GG i (1,,3) T G (13.8)
(?Eiiif) B (;ﬁziﬁbﬁ) _ ((;(babﬁ)((;(babg)|T)——1(;(babg))cacﬁ. (13.9)

The following lemma provide leading order terms for the replacement errors associated with the equations

(13.7), (18:8)imud £dito9T}

Lemma 13.3. Fiz z € D and recall F, FT from (13.3). We denote T = By(0,G) with vertex set T. We
assume that G,G € Q and I(F*,G) = 1. For any indices a, B € [u], the following holds:

1. The difference Gg)cﬁ — GCEX), is given by

"’ mqalz
¢, -Gl = dd%fz ST S 6 e, (13.10)

vE[u] \zeEN, rEN
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where Ny = {x # ¢ : © ~ by in G} U{ay}, which enumerates the adjacent vertices of b in G, and

ENS N2 S (G P+ 16T P) + NP,

YE[u] zEN,
Moreover,
|(~;§E)cﬁ Gg&” < Z Z |G(TW)| +|G££§§/)\2)+N_b<1>. (13.11) {{e:total_dif
yelu] zEN,
2. The difference GQ‘?Q — Ggl:f;bﬁ) s given by
TV (Tbabp) 1 (Tbabs) ~(Tbabs) )
G — Geey ) = R Yoooaa m +E, (13.12) {{e:diffG2}}
e\ {8}
where
ELS N2 ST G+ G
vE[ul\{a,8}
Moreover,
\Gg?{? — Ggl&?bﬂ)l S Z (‘G(Tb bﬁ)|2 + |ng7bﬁ)| ). (13.13) {{e:total_dif
v€[ul\{a,B}
3. The difference Gczléﬁbﬁ — GS;“;’;“ 18 given by
(Tbabg) (babs) _ (babp) ~(babgp) (b bﬁ) (babp) s
GCQC[«; GCQCﬁ - dist;):e (WG Gx CB + msc(z) G Gzc[g > 87 (1314) {{e.dlffG3}}
z~ax! €T
where
€] S NO25T(GED 2+ |Goa) ).
zeT
Moreover,
|G£légbﬁ G(l;cl;»ﬁ” S Z G(b sbe) 1>+ |Gcl;mbﬁ 1%). (13.15) {{e:total_dif
z€eT

4. The following holds

bl The The (bal (bal
GO —Geal 1S Y (GIP+IGTE )+ Y (6L P+ 16,

caag aﬂb'v
velp]\{a} yeT\{lg}
G — Gl < 3 (G R |G ) 1 3G 4 (G R, for @~ b,
vE[LI\{a,8} yeT
Tbab ba (Tbe (Tba
G — GO 1 S (G P+ (G ) + 3 (1GE) 2 + (G2, for 6 € [l \ {o B
yeT

(13.16) {{e:Greplace}

Proof of Lemma 13.3. We can decompose the right-hand side of (13.7) is{gisGarepilece}

1
regh XX ema, e,
vy €lpl ‘EE/(‘/V
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where N, = {z # ¢, : 2 ~ b, in G} U{a,}.
Since G € Q and I(F*+,G) = 1, (5.7) gives that for v # +/, \égiJ <1 and |ég%}7/| < N~ The leading

order term of I is then for pairs v = 7/, giving

ma(z) ~
I==—22 30 | 2 cED | Gl | +o N Y S IeEDIeE | (131
YE[u] \zEN, TENy vy €lul ;5(\/"*/

The claim (13.10) folln2g fapprodB.17).
To prove (13.12), we start with (13.8). Consider

_ Tbub _ Theb
(G(Tbubﬁ)(G(Tbubﬁ)|w\{bmbﬁ}) 1G(Tbabﬁ))cacﬁ — Z Gga - ﬁ)(G(TbiB)|W\{ba7bﬁ})bwlb,y, Gl()w/cﬁfi)'
¥y €lpI\{e,8}
(13.18)
The leading order term in (13.18) is{givkaf tE1bhoad with v = 7/,
(13.18) {{e#fh’error gzwbﬁ)G(Tb obo) 4 &,
velul\ (o8} (13.19)
Tbeb - Tbeb
E= D GG g, — S ma(2))Gy ).

vy €I\ {8}

2 o Thob - - -
Thanks to (3.26), |‘59(>% ﬁggﬁi)m}nd(z)(swq < N=° Thus \(G““’abﬁ)|W\{,,mbﬁ})bw1b7, — Oy fmg(z)] S N730/4
and the error £ in (13.19) is bounded as

gl N ST GG s N2 ST G R G2 (13.20)

b /05 Cﬁb
¥,y €[\ {8} YE[ul\{a,8}

The claim (13.12) follo@¥dresr2ombining (13.19) and (13.20).
To prove (13.14), we can rewrite the right-hand side of (13.9) explicitly as

—(Gbab9) (G| 1) TGt = — 3 G (GOt ) LG, (13.21)
z,yeT

Since I(F;G) = 1, by (3.26), foe:schurcr@motet)’™ — (Hr — 2 — mue(2)I?);}| S N7°, where 12, =
1(distg (o0, x) = £)dgy. Thus we have
|(G(babﬁ)|T);y1 - (H(babﬁ) -z mSC(Z)Ha)xy| S N73b/47 for z,y € T,

and

(13.21) =({e DLt} (H — 2 — mae(2)17)4, Gy + AN el e | (13.22)

z,yeT z,yeT

For the summation over z,y € T in (13.22), if e: @& Tebdty distg(x,0) < ¢, then ]Ig =0, and we have
bab bab
S H — 2 = mee(2)1%)0y Gyt = S (H = 2)0y Gl = 0, (13.23)
yeT y€eT
where for the last equality, we used that by the definition of the Green’s function, the first term on the
second line is 6., = 0. Thus by plugging (13.23) infe:{Ga:4Y), it follows that

Z Gl (- 2 — msc(z)]la)ngbc‘;bﬁ) =0.

dist(z,0) <l
y€T

(13.24)
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If 2 € T and dist(x,0) = £, we denote the parent node of x as /. We then have, by the self-consistent
equation of myg,

bab bab
Z Ggaz 2 — k= mSC(Z)]Ia)IyGZ(!Cﬁ )
yET

ng J,bﬁ G(ljabﬁ) - (Z + msc(z))GEb J,bﬁ)G(b abs) (1325)
\/df e z'cp «

1 babs) ~(bab
Gﬁb wbﬁ G(b aba) + GE xﬁ Gacc 2 .
\/di o z'cg msc(z) o B

The claim (13.14) followsdrdaryplergging (13.24) and (13.25) into (13.22).

The claims (13.16) follow from the same arguments as in (13.12) and (13.14), so we omit the proof. [

13.2 Proof of Proposition 13.1 and Proposition 13.2

Proof of Proposition 13.1. We can replace the indicator function I, by I(F,G) by the same argument for
Claim 7.1

= Z G ZE[ (G € QIF.G)|GYF] +O(N—1+)

"e“N : (13.26)

_E (10,6 e )IF9IGT | + OV UEla).

We are now left to write the Green’s function of the switched graph in terms of the original graph. Let
T = By(0,G) and L := P(T,z,msc(2)). Here L is consistent with the local Green’s function (as defined
n (8.13)) de:#FuincklingePige the same symbols to represent them. We notice that since ¢,j are distinct

nelghbors of 0, so i, j are in different connected components of 7(?). Thus L( ) 0, and G () — CNY'E;) — Ll(-;).

We will use the same argument as in the proof of Lemma 7.4. In the rest, we condition on that G, Gen
and I(F*,G) = 1. Then by the same argument as for (7.19), we have

( zp: ( (BT (G™ —mbc(z))é)L(°)>k> +O(N72). (13.27)

k=1

For any 1 < k < p, the k-th term in (13.27) is{fen@oqi3}weighted sum of terms of the following form

S LVaan L Vesod L Vi L . (13.28)

T1T2 “xoxg " T3T4 - xYT5 LT2k—1T2k "~ T2 ]
Z1,%2, @2k €T

Here V = (BT (G — my.(2))B), and (5.7) gifesptipat |Vay| S N7° for any z,y € T.

We recall that i,j are in different connected components of 7(°). For the sequence of indices zy :=
1,T1,%2, "+ ,Tok, Topt+1 = J, there exists some pair of consecutively listed vertices that are in different
connected components of 7(°). If for some 0 < m < k, Tom, Tams1 are in different connected components
of T, then ng,)mmm .. = 0 and (13.28) vanishes. Thus we only need to consider the case that for some
1 <m <k, Tom_1, Tam are in different connected components of 7). In this case,

Vs s2am = (BTG = 11e(2)) B) g1 2 = > S (13.29)

o,Bila=Tom—1,lg=T2m
If k =1, then m = 1 and we can compute (13.28) udiegy£h3.29) as

1 D 1) mZ(2) ~(T)
) Z L; Gcat:;a lgj — (d—1)* Z Gcacﬁ’ (13.30)
a#peu]

dist(i,lq)=f—1
dist7 (4, lﬂ): —1
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where we used (7.17), afet}etex<}(1). For k > 2, we can bound (13.28) as

(13.28) S{Ae:dumbodd G0, | > L LD L2
" mgiifi;;f;?-’iiew (13.31) {{e:sumx1234}
(k—1)b (T) _1\6\k-1 (T)
SNTEEDR S IET, I(d - 1 (ed — 1)) S @Dy m s 2 1GE, |,
a#B a#B

where the first statement follows from (13.29) arfd:Bdmx1234Y ~°; the second statement follows from (7.17);
in the third statement we used N® > (d — 1)2%¢,

The estimates (13.30) and (13.31) together lead to the following estimate for (13.27)

( ) 1

(13.27) { tb un&}} NTE Z |GCHCB|+]\7*2 , (13.32) {{e:firstboun
= atBelu]

and by plugging (13.32) bdek fitstpbiuitf)) we conclude that

1 o ~
7 ZE [16 € VIF.G)GY ] S 11 + 12+ O(N*E[@))

2

1
(T)
Z]—'+ ZE (.G € MI(F*.Q) (d—1)° Z Geoes (13.33) {{e:IIGU2}}
a#Be[u]
—3b/4 ~(T 2
PARS Z]E (G,G € QI(F+, G)N—3Y/ > IGE P+
a#Be[p]

Next, we estimate J; and Jo as in (13.33). We: noed}o express GCQCB in terms of the Green’s function of

the graph G. In this process, any term that can be bounded by O(N~°(M®) is considered negligible, since
it contributes to an error E [1(G € Q)N~°M ] = O(N~°WE[®]).

Thanks to Lemma 13.3 (combining (13.11), (13.13) and (13.15)), we have

G = G,(;ZCZ;B) + Eas, (13.34) {{e:replaceal

cacpg

where

Tbab (Tbab
Casl S Y0 (GEPR+IGIDR + > (6512 + 165"

(‘/3b
YE[R] zeN, vElp]\{a,B} (13.35) {{e:cEbound}}
(bebs), (babp) |2 —b ' ’
+3°3GR 2 11685 1?) + N v,
zeT

and N, ={z #c,:x~b,}U{ay}.
In the following we show that for G € Q, and a # 3,0’ # '

byrbgr
» S J(€asllGEres |+ 1GEZ N Earsr ] + Easl?)
F+
1 i) (13.36) {{e:smallterm
—b + GOI2 4
SN D = X IFNGIGCEP +
v€{a,B,a’,6"} it

zr~by,zFcy
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and thus

SO IHFN GG + E0s) G + Er)

c /CB/
it

—b
+ (babg) —(b /bB/) N + (b4)12 (0]
fo GGG 0| X S ;I(F ONGEYT + S

ye{a,B,a’,8"}
xrbyzFEey

Zf+

(13.37)

Zf+

To prove (13.36), We:66@mtyby plugging in the bound of £, from (13.35) into the left-hand side of
(13.36), after which each term contains three Green’s function entries as factors. We can bound one of
them by N~" using (3.26), and the remaining two can be bounded by terms in the form {|G(b )| } with
ved{a,B,a, '}, x ~ by, x # ¢, or can be bounded by N°® using (3.27). In the following we estimate the
following term from (13.36), and the other terms can be bounded in the same way, so we omit arguments
about them.

’ !’ 1
ZI Frg) S 16TRal) < TZ o) S NUETTPR, (13.38)
’yE[[,u]],ﬂm’:'J\f—Y it vE[u],zEN,

Zf+

where we bound |GC ,/cl;[f/ | < N7° by (3.26). Ifeyytzhorgianks to (3.27), we have (ignore the indicator and

the averaging over embeddings)

1
(13.38) g{myiz@gz}wb > GRS NN S N4, (13.39)
YE[u]\{a} ba~cea
zEN~y

Thus we can reduce (13.38) to{éhpichemgp} o

Zrr SAFLON | GI0E e 3 e | 1340
F+ x~bo
it w;ﬁ:a

The terms involving |G£E’Xg|2 can be bounded by the same way as in (13.39). NexttG& show that we can

replace Gg};v) in (13.40) by G&i‘})‘

1
(13.40) ={{pryidhodgHF,G)N* Y |GL2)]2 + €
e >

x~bo

THco
(13.41)
1 —
|5|§Z7}_+E I(FF,G)N~° E G — G| 4 O(N—30/40),
it

z~bg
z#ca

where for the bound of £, we used that |Gcax l, \Gﬁi‘}” <1 from (3.26). {e:yizhong3}
Thanks to (13.16), we can bound the difference |G£‘;V) - Ggl;‘é)| by
Tba Tboa o o
GEM -l < 3 (6T 2+ 1G5 ) + D168 2 + 168 ). (13.42)
eI\ {e} y€T

By plugging (13.42) infe: flizhbhngdly the same argument as in (13.39), we can bound € in (13.41) as

S 1Ee [ (6TIR 4 16 + 3G R+ GEIP) | S NTe. (13.43)

z
T velul\{o} yeT
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The claim (13.36) follorysAonggilugging (13.39), (13.41) and (13.43) into (13.38).

For the first term on the right-hand side of (13.37), we recall that a # § and o # S’. Then either
{a, B} = {a/, B}, or some indices, say «,a’, only appears once (namely, o # o/, " and o # «, 8). Then we
can sum over (b, ¢y) and (ba/,ca/) separately (ignoring the indicator function)

7Y X GEelly

Ca~ba cyr~byr

b/2 b/2 () (bs)
Nd2 YooY NG+ o) INT (G, |+ 0) (13.44)

CaNb Cq /Nb ’

N D Sl D A AN R e

Ca~ba cyr~bys

where in the first statement we used (11.28); the:¢twomd gtatement follows from Cauchy-Schwarz inequality;
and the last statement follows from the Ward-identity bound (3.27). Otherwise if {a, 8} = {/, 8}, (7.51)

gives

ST IFGIGED P < Noo. (13.45)

it

ZJT+

We recall that J; in (13.33) is{ebfhined2hy averaging (13.37) over a # /5 € [uJand o # 5 € [u]. By
substituting (13.37), (13.44), and (13.45), we conclude that:

> ﬁZE{ (6.G € QIF*,G)|GLP]

a#Beu] it
(d— 1) o, O
Zﬁ DENGGENIFLO | D > G s || (13.46)
it a€u] z~ba,z#aq

~ 1
> E |1(G,G € OI(F*,G) A > 1GYY))P + N°o

~ g
F it T~bo,TEaq

where in the last statement we used (13.45) aifid: $hbomedinutation invariance of the vertices, so that the
expectation does not depend on «. By the same argument we can also bound Js in (13.33) as,

1 ~ 1
RS iz B (MGG NIFN0) | gmom D IGLEP+@-1N2 || (1347)
it

T~bo,TF Ao

By plugging (13.46) afd:(Pbdimdinto (13.33), we conclude

1 ~ 1
(13.33) S{ﬁI@E G.GeNIF0) | e D [GLIP+N"®
i+

z~vbo T#aa

1 + ba) |2
§W4ZF+ZE (GeI(FT,G) Z |G§az)\ +E[N°®]

b (13.48)
1
SW S B |I({eabad,G) 3 GU)| +E[NCa)
a™~Ca T~bo,TH Ao
N1+3b/4 Z [ ({é, 0}, g)|G ) } +E[N°®],
o€[N]
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where in the second statement, we dropped the indicator function 1(5 € Q); in the third statement sum
over i \ {ba,cq}; for the last statement, we used the permutation invariance of the vertices, so that GE;-’)

and GE{’;} have the same distribution.

Thus (13.33) add:[I%us) together leads to the following bound

¥ 2 EU(ob 9GS o Y BlI(Gi.0h OGP+ BN

oe[[N]] o€[N]

and the claim (13.2) follows from rearranging.

O
Proof of Proposition 15.2. Thanks to Lemma 13.3, we have
(bab
GEE)CB - Gcac;) + gaﬁa
where £, as in (13.35). The statement follows from showing
> Z ZE I(F*,0)1(G € Q)|GTM] < (d - 1)'E[N°].
YE[u] zEN, Zr+
Thab
> ZE [(F*,9)1(9 € Q|G P < (d— 1) E[N°], (13.49)
76[[#]]\{04 5} it
bab
> Zf ZE I(F*,0)1(G € 0)[Gex" P S (d— 1)EIN°),
zeT

where N, = {z # ¢y : x ~ by} U{a,}.

In the following we prove the first statement in (13.49), the:GPbermd}e similar, so we omit their proofs. If
x € Ny with v # «, or & = a,, we can first sum over b, ~ ¢, and (3.27) gives

S I(FTG)1(G € Q)GTV P < N°D. (13.50)

Zf+ —

Otherwise & ~ by, # co. We recall the upper bound on |Ge, » (Tw) _ E’j;;}| from (13.42) afd:@ihkigng1}

S I(FH91(G e QG = ZI (FT,0)1(G € Q)GL) + O(N~°/29). (13.51)

Z;+ -

By combining (13.50) afd:gihidgnge¢ conclude

.. 5 L STEI(FY,9)1(6 € 96T

+
vE[p] zEN, ZF it

DY

wamx;éca

(13.52)
1(G € Q)|GP) ! + (d — 1)'E[N°®] < (d — 1)’ E[N° D).

where in the last line we used (13.2) to{bodeudthp first term; The first claim in (13.49) follows from combining
(13.50) and (13.52). O
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