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Abstract

These notes introduce global and local eigenvalue statistics, explain a microscopic loop-
equation convergence framework, and describe its application to random regular graphs. They
follow the content and order of the supplied nineteen handwritten pages. Calculations and
conventions have been made explicit, and the sketches have been reconstructed as numerical
experiments or mathematical diagrams. Deep results used as inputs are identified as such; the
final local-resampling argument retains its role as a proof outline.
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1 Introduction: random matrices and universality

The lectures have three parts. We first introduce random matrix statistics and some of their
appearances in probability, number theory, and quantum chaos. We then develop a convergence
framework based on microscopic loop equations. Finally, we discuss its application to edge universality
for sparse random regular graphs.

1.1 Wigner matrices and the Gaussian ensembles

Wigner introduced random matrices in the 1950s as models for the energy levels of heavy nuclei.
The striking feature is that local spectral statistics depend much more on symmetry than on the
precise distribution of the matrix entries.

A Wigner matriz is an N x N real symmetric or complex Hermitian random matrix H = (h;;).
The entries on and above the diagonal are independent, hj; = h;;, and

1 . ) C
Eh;; =0, Elhi;]* = N (i # J), Elhy)? < N (1.1)

Moment or tail assumptions will be specified when needed. For the elementary semicircle-law
proof below, assume E|h;j|* < C/N? for the off-diagonal entries. When discussing complex bulk
universality, we use the standard genuinely complex symmetry class, for example Eh?j = 0; Hermitian
symmetry alone does not exclude a real ensemble.

The two basic examples are:

« The Gaussian orthogonal ensemble (GOE): h;j ~ N'(0, N~1) for i < j, and h;; ~ N(0,2N"1).
For every deterministic orthogonal matrix O, OHOT 2 H.

o The Gaussian unitary ensemble (GUE): h;j = (X;; +1Y5;)/V2N for i < j, where X;;,Y;; are
independent standard real Gaussians, and h;; ~ A(0, N!). For every deterministic unitary
matrix U, UHU* £ H.

We order the eigenvalues throughout as Ay > Ay > --- > Ay and write H = UAU™, with normalized
eigenvectors Uy, ..., UN.

1.2 The semicircle law and resolvents

The empirical spectral measure and semicircle density are

1Y 4— a2
UN = N Z s psc(r) = (277)+
a=1
The global semicircle law asserts puy = psc(z) dz in probability. Here and below = denotes weak
convergence of measures or convergence in distribution, according to context. For z = E +in € C,,
define

_ 1 dx
G(z)=(H - z)7}, my(z) = NTrG(z) = M;V(_z) (1.2)
The spectral decomposition gives
N ugut
G(z) =3 synpt N IO S o
a=1"a "%
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Figure 1: New simulations of GOE and GUE spectra. Left: empirical eigenvalue densities pooled from five
independent samples of size N = 1600 for each ensemble, compared with the semicircle density. Center: the
first realization from each ensemble in the bulk coordinate x = N7mps.(0)A = N, whose limiting intensity
is 1/7. Right: the same realizations near the upper edge in the coordinate x = N2/3()\ — 2). Spectra were
generated by the exact Gaussian S-ensemble tridiagonal model.

Since Im G = (G — G*)/(2i),
GG* = ——, Z \G¢j|2 = —. (1.3)
n j n
These are the Ward identities. The same row and column identities hold because G is a normal
matrix.

1.3 A resolvent proof of the global semicircle law

Let H® denote the minor obtained by deleting row and column i, let G = (H @) — 21 )~1 and let
hi = (hj;) . Importantly, h; is independent of H (1), The normalization mgf,) = N1 Tr G retains
the denominator N.

Step 1: Schur complement. For an invertible block D, the upper-left block of (é g)fl is
(A— BD71C)~!. Therefore
1

Gii = - .
hii — Z — h;kG(Z)hZ

(1.4)

Step 2: concentration of a quadratic form. If h has independent centered entries with
variance 1/N and fourth moment at most C/N2, then for any deterministic matrix A,

. 1 . 1 2o .
To check the second bound, expand the centered quadratic form as 3= ; (hjhy — dj1/N)Ajp.. Inde-
pendence and centering eliminate all terms except paired indices and fourth-moment diagonal terms.
Each surviving coefficient is bounded by C’/N?; the possible transpose pairing is bounded using
>k Ak Arjl <3254 [Ajk|?. Conditioning on H® and using |G || <7~ gives

/

Zy=hGOn —m\), Bz < N

(1.6)
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Step 3: removing a minor. The resolvent minor identity is

G;iGix

Gglk) = G = Gii

U,k #1).

Consequently, by Cauchy—Schwarz and the row and column Ward identities,

i 1
|mN — mgv)\ = ‘NG E GjiGij
n ]

< % < i (1.7)
Nn|Giu| = Nn

In the Hermitian case one must keep the product G;;G;; before taking absolute values; it is not
generally G?j.

Step 4: the self-consistent equation. Set §; = hy; +my — m%) — Z;. Then

1 1 C C
Gij=———, E— Ol < — 4+ — + —.
Yz —my A+ N;M—\/N Nn  VNp

The imaginary parts of both denominators —z —my and —z — my +6; = hyy — 2 — b G(i)hi are at
most —n. Thus

1 0
‘Gii - ‘ < M
—Z —MmnN n
For each fixed z € C4, averaging yields
my = + op(1), 14 zmy +m3 = op(1). (1.8)

Z+my

The correct denominator has a minus sign in front of both z and my. The equation 1+ zm+m? =0
has exactly one solution in C,:
—z2+ V22 -4
2 9

msc(2) = (1.9)

where the square root is analytic off [—2, 2] and asymptotic to z at infinity. To justify the limiting
step, use |my| < n~! and Immy > 0. Every possible limit lies in the closed upper half-plane and
solves the quadratic. No root is real when z € C,, and the other root lies in the lower half-plane.
Hence my(z) — msc(z) in probability. The continuity theorem for Stieltjes transforms proves the
global semicircle law. This fixed-n argument by itself is not a local law.

1.4 Gaussian beta ensembles and the log-gas picture

For GOE and GUE the matrix density, with respect to the independent real coordinates, is
proportional to exp{—3N Tr H?/4}, where 8 = 1 and 2, respectively. Changing variables to
eigenvalues and eigenvectors and integrating out the eigenvectors produces the Vandermonde
Jacobian:

png(A) = Zi, [T 1A =Xl  exp {_Bi\f ZA?} : (1.10)

Bicj
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This defines a probability density for every 8 > 0, either on RY or on an ordered chamber with the
appropriate normalizing constant. It has the Gibbs form Z&lﬁe_'gHN , where

N
Ha(A) == log|X — \j| + T >N
1<j 7

The particles repel logarithmically and are confined by a quadratic potential. The parameter 3 is
inverse temperature. At fixed N, as 8 — oo, the ordered particles concentrate around the unique
minimizer in the ordered chamber. More general beta ensembles replace the quadratic confinement
by a potential V.

Dumitriu and Edelman [1] gave a tridiagonal realization for all 5 > 0:

g1 X(N-1)8
X(N-1)8 92 X(N-2)3
Thg = — 1.11
N3 \/N—ﬁ X(N-2)8 .93 ( )
. X3
X8 9N

Here all displayed random variables are independent, g; ~ N(0,2), and Y, is the positive square
root of a chi-square variable with v degrees of freedom. For noninteger v > 0, this means
X2 ~ Gamma(v/2,2). The eigenvalue density is exactly (1.10). This representation also makes
numerical simulation efficient.

2 Bulk and edge statistics

2.1 Bulk scaling and the sine process

Fix E € (—2,2) and put pg = psc(E). The typical original eigenvalue spacing near F is 1/(Npg).
Throughout these notes the rescaled bulk process is

N
ENE = Z ONrps(Ni—E)- (2.1)
i—1

Its limiting intensity is 1/7, so the mean rescaled spacing is m. For the Gaussian beta ensemble,
EN,E converges to the Sineg point process in this convention. Different references use intensity 1 or
1/(2m); the coordinates must be rescaled when comparing formulas.

For a simple point process = = ), d,,, its kth factorial moment measure is defined by

[ Jda =B 3 flw, ).

11,...,0f distinct
When this measure has a density, the density is the k-point correlation function p. For Sines,

sin(z — y)

Te—y) (2.2)

pr(T1, -5 x)) = det[Kin (i, :Bj)]ﬁj:la Kin(z,y) =

with diagonal value 1/7. Thus Sines is determinantal. The § = 1,4 processes are Pfaffian. General
£ > 0 limits can be constructed from the tridiagonal models [2].
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The Wigner—Dyson—Mehta universality principle says that the same local statistics occur for
non-Gaussian Wigner matrices in the same symmetry class. Under standard independence, variance,
nondegeneracy, and sufficiently strong moment assumptions, this is a theorem: the bulk limit is Sine;
in the real case and Siney in the complex case [15]. Two major approaches are moment comparison
and local relaxation through Dyson Brownian motion. Later lectures discuss a loop-equation
approach.

2.2 The spectral edge and Tracy—Widom laws

At the right edge,
1 2 2 32
pel2=9) = TVEUH0E). [ pula)de = A1+ 0(A),
2

An interval containing order one eigenvalues therefore has width of order N=2/3. For the Gaussian

beta ensemble,
N

S Onesn_2 = Alryg, NP\ —2) = TW,. (2.3)
i=1
Here TWy is the distribution of the largest point. The name Airy; refers here to the beta-one point
process, not to the differently named temporal Airy; process of growth models. For 8 = 2, the point
process is determinantal with kernel

Ai(z) Al (y) — Ai' (2) Ai(y
T —y

o0
Kai(w,y) = ) = / Ai(x +t) Ai(y + t) dt. (2.4)
0

The Airy function satisfies Ai”(z) = z Ai(z) and is normalized by Ai(z) ~ (2/m)~la~1/4e=2c"?/3
as  — +o00. On the diagonal, Ka;(x,z) = Ai'(z)? — x Ai(z)?. Far to the left this intensity behaves
as /—x/m.

For general 8 > 0 [3], let Ag < A; < --- be the eigenvalues of the stochastic Airy operator on
[0, 00) with Dirichlet boundary at zero,

d? 2
——t x4+ —=b(x

dr2 +x+ \/B ( )a
where b is standard Brownian motion and the white-noise potential is defined through the appropriate
quadratic-form construction. Then Airyg =3 ;5(0_4;. The minus sign is essential: the Airy points
decrease to —oo. At the level of leading logarithmic tails,

Ag =

2
logP(TWg3 > s) ~ —?653/2, logP(TWg3 < —s) ~ —%53 (s = 0).
Edge universality also holds for Wigner matrices under suitable tail conditions. For an iid off-
diagonal entry distribution with z;; = VN h;j independent of IV, the sharp off-diagonal condition in
the standard Wigner setting [6] is lims oo s*P(J212| > s) = 0, with the usual diagonal assumptions.
A finite fourth moment is sufficient and is stronger than this tail condition.
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Figure 2: Finite-dimensional edge simulations in the normalization z = N2/ 3(A —2). Left: kernel density
estimates for the largest eigenvalue from 3000 independent Gaussian -ensemble samples of size N = 800, for
each 8 € {1,2,4}. These are finite-N empirical approximations, not evaluations of the exact Tracy—Widom
densities. Right: the six largest eigenvalues in seven GUE realizations. The 5 = 4 curve uses N particles and

the density proportional to exp[—N3 >, A?/4] [T, ., A — Ay|°.
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Figure 3: Deterministic numerical evaluations of the Airy function (left) and the Airys one-point intensity
Kai(z,x) = Ai'(z)? — 2 Ai(2)? (right). The dashed curve is 7=11/(—z)4, the leading intensity asymptotic as
T — —00.
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3 Examples beyond random matrices

3.1 Longest increasing subsequences and last-passage percolation
For a uniformly random permutation o of {1,..., N}, define

Ly =max{k: i1 < - <y, o(iy) <---<o(ig)}.
The Baik-Deift-Johansson theorem [7] states

Ly — 2V N

N1/6 = TWs. (3.1)

This is one of the first striking appearances of a random matrix edge law outside matrix theory.

For independent nonnegative weights w;;, directed last-passage percolation is defined by

G(m,n) = max Wij,
(m, n) m:(1,1) A(m,n) (”Z): J

where each path step increases exactly one coordinate by one and both endpoints are included. The
dynamic-programming recursion is G(%, j) = wi; + max{G(i — 1, j),G(4,j — 1)}, with the boundary
initialized by cumulative sums. For independent mean-one exponential weights [8],

G(n,n) —4n

Af3p13 TWa. (3.2)

Geometric weights have an analogous theorem with distribution-dependent constants. These models
belong to the KPZ universality class. A general universality statement needs assumptions on the
weight distribution: the claim cannot hold for arbitrary iid weights, for example deterministic or
sufficiently heavy-tailed weights.

3.2 The Riemann zeta function

The Dirichlet series ((s) = >,,~; n~° initially converges for Re s > 1; the zeta function elsewhere is
defined by analytic continuation. The Riemann hypothesis says that every nontrivial zero has real
part 1/2. Write the positive ordinates as t;, so that, under this hypothesis, the zeros are 1/2 + it;.
Near a large height T, their average spacing is asymptotic to 27/ log(7T/(27)). Thus coordinates
compatible with our intensity 1/7 convention are

_ log(T/(27))

SUJ 9 (tj *T)

The GUE conjecture predicts Sines statistics after this rescaling. A probabilistic formulation
averages the center T over a long high window before taking the limit. Montgomery’s pair-
correlation conjecture [9] is the two-point part of this picture; full convergence of the point process
is a stronger conjecture. Random matrix theory provides related predictions for other L-functions
as well.
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Figure 4: A uniform random permutation of 90 elements. The red polygonal line joins one longest increasing
subsequence, which has length 16 in this realization. Connecting segments only emphasize the ordering of the
selected permutation points.
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Figure 5: Exponential last-passage percolation on a 24 x 24 grid. Left: independent mean-one exponential
weights and a maximizing up-right path from (1,1) to (24,24). Right: the dynamic-programming values
G(i,7), with the same path superimposed. Both endpoint weights are included. The last-passage value is
G(24,24) ~ 87.3 in this realization.
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Figure 6: The first forty computed nontrivial zeta zeros and their locally unfolded consecutive gaps. These
are deterministic low-height evaluations, not a simulation or verification of the high-height GUE conjecture.

3.3 Billiards and quantum chaos

A classical billiard particle moves in straight lines and reflects specularly at the boundary: the
normal component of velocity changes sign and the tangential component is preserved. In a circular
table, successive collision points differ by a fixed angular increment. If that increment divided by
2w is rational, the orbit is periodic. If it is irrational, the collision points are dense on the boundary
and the chords are dense in the annular region outside a fixed circular caustic. This is an integrable
system.

A standard dispersing example is a Sinai billiard: a square table with a circular obstacle,
with specular reflection at the walls and obstacle. Typical trajectories explore the available table.
Ergodicity is a statement about almost every initial condition with respect to invariant phase-space
measure, not about every orbit. For an observable depending only on position, its consequence is

o1
lim —
t—oo t

[ et s = o L f@ s

for almost every initial condition, under the standard billiard hypotheses.

The associated quantum problem is, for example, the Dirichlet Laplacian —Avyy = Epy on €2,
with 0 < Fy < Ey < ---. The Bohigas—Giannoni—Schmit conjecture [10] predicts random matrix
local statistics for suitable classically chaotic systems after unfolding by the mean spectral density.
For a time-reversal-invariant scalar billiard one expects GOE statistics, after separating spatial
symmetry sectors. Without time reversal, the expected symmetry class is typically GUE. Classical
chaos alone is not an unconditional theorem of random matrix statistics; additional symmetries and
arithmetic structure matter.

10
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Circle: a periodic trajectory Circle: an irrational rotation Sinai billiard: square with a disk removed

rotation number 2/7; 7 reflections rotation number (V5 — 1)/4; 160 reflections Specular reflections; disk radius 0.30

Figure 7: Event-driven billiard trajectories computed with the specular reflection rule v — v — 2(v - n)n. In
the unit circle, the first trajectory has rotation number 2/7 and closes after seven reflections; the second has
rotation number (v/5 — 1)/4 and is shown for 160 reflections. The dashed circles are their circular caustics.
The last panel shows 160 reflections in the square [—1,1]? with the central disk of radius 0.30 removed.
Its initial position is (—0.78, —0.62) and its initial velocity is proportional to (1,0.37). The computation
illustrates trajectories; it does not establish spectral universality.

4 A convergence framework for local random-matrix statistics

The next goal is to study the eigenvalues on the scale of their typical spacing. At a bulk energy
E € (-2,2), write

4 — E? 4 — E?
PE = pse(B) = ——, Op =Tpp = ——F—
27 2
If Ay > --- > Ay, the microscopic point measure is
N
ENE =D ONop(n—E)-
i=1

This convention gives limiting intensity 1/, rather than intensity one. Near a regular spectral edge
the appropriate scale is N~2/3; the corresponding limits are the Airy point processes.

The organizing idea is analogous to Stein’s characterization of a Gaussian random variable:
Z~N(0,1) <= E[Zf(2)]=E[f'(2)

for every suitable test function f. An approximate identity leads to a convergence theorem only
after tightness and the passage of expectations to the limit have been justified. In the present
setting, the test functions are products of resolvents, and integration by parts produces a hierarchy
of loop equations, also called Schwinger—Dyson equations.

4.1 The finite-dimensional loop equations

For the Gaussian -ensemble with density

1 BN &
pns(N) = 7 IT 1% =507 exp<—4ZA§> , B >0,

B i<y i=1

11
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set

1 N

=1 i

Integration by parts gives

E[mN(z)Z +oemn(2) + 14 % (; _ 1> m'N(z)} ~0. (4.1)

More generally, for p > 1, put z; = z and interpret empty products as one. Then

0=E

<mN(z)2 boema(2) + 14 % (; - 1) m;v(z)) jli[QmN(zj)] (4.2)

6N2ZE aza (&) = my Zj H my (k)

S 2<k<p
k]

Divided differences at coincident arguments are interpreted by analytic continuation. The first
equation controls one resolvent; the entire hierarchy encodes joint resolvent correlations. Rescaling
these identities in the bulk and at the edge leads to the two microscopic hierarchies below.

4.2 Nevanlinna functions and point measures

A Nevanlinna (or Herglotz) function is an analytic function S : Cy — C. Its representation is

S(z) =c+dz+ L * p(dx), (4.3)
R

r—2z 1422
where ¢ € R, d > 0, and p is a positive Borel measure satisfying

p(dz)
r 1+ 22

< o0

We extend S to the lower half-plane by S(Z) = S(z). For a finite measure, the ordinary Stieltjes
transform [(z — 2z)~'u(dx) corresponds to d = 0 and ¢ = [ (1 + 2%) "' u(dz). Microscopic point
configurations have counting measures ), d,,, which are generally infinite measures; a subtraction or
principal-value prescription is therefore necessary. They should not be confused with the normalized
probability measure N=1 3.4y,

The imaginary part determines the measure:

ImS(u+in):dn+/R( 5 H(dr), n >0,

n
r—u)?+n

and
vague

- Im S(u +in) du —— u(du). (4.4)

Here vague convergence means convergence against continuous functions with compact support.

12
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4.3 Bulk and edge loop equations

For a bulk configuration of asymptotic density 1/7, the natural transform is

The principal value is taken with a symmetric spatial cutoff, whenever this limit exists. Its
normalization is suggested by

1 (B dx
lim */ = i, S C+.
The Sineg process has intensity 1/7 in this convention. For 8 = 2 its determinantal kernel is

sin(z — y)

1
Ksine(-ray) = 7T(IE — y) ’ Ksine(l'yx) - ;

Its loop hierarchy takes the form

0=E|[S(2)?+1 g—1 S'(z pSz- 4.5
(sGr+1+ (3 >“>}l“) (45)
+ 23 6[0, 22250 T s
j=2 J 2%;1?},

For an edge configuration, order the particles as 1 > x9 > --- — —o0. The Airy density behaves
as /—x/m far to the left, so the expected location scale is

3mi\2/?

Let a; > as > --- be the negative zeros of the Airy function Ai, which satisfies Ai”(z) = 2z Ai(2).
The regularized transform used in the notes is

& 1\ AV
S(2) :Z( ! —) - Ai((o)). (4.6)

i— Ty — 2 (473

This formula requires enough control of x; — a; to ensure local uniform convergence; for example,
lz; — a;| = O(i~'/3+¢) for some € < 2/3 is sufficient. The common leading-order asymptotic z; ~ a;
alone is not sufficient. In its intended Airy setting the transform is a Nevanlinna function whose
representing measure is y , d,,. The normalization can be checked on the deterministic configuration
of Airy zeros, for which ,
S(z) = —Al, (Z)
Ai(z)

The corresponding leading asymptotic is S(z) ~ /z in appropriate sectors away from the negative
real axis; it is an asymptotic statement, not an identity. The branch is chosen positive on (0, c0).

13
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The Airy hierarchy is

W:ERS@f—z+<;—l)§@0fiﬂ@J (4.7)

+EZE azJS(Z)_S(ZJ) H S(Zk)
Bz FTE k<
kA

Characterization theorem (Bourgade—Huang). Call S particle-generated if its representation
(4.3) has measure pu = Y., cp 0z, where P is a locally finite multiset and >, cp(1 + 22)71 < o0.
Thus its poles on the real axis encode the particles, with the multiplicity of a point equal to the
negative of the corresponding residue in the variable z. For rational g > 0, if a random particle-
generated Nevanlinna function satisfies the entire bulk hierarchy (4.5), for every p > 1 and every
choice of arguments in both half-planes, with the stated expectations well defined, then its particle
configuration is distributed as Sineg. Replacing the bulk hierarchy by (4.7) gives Airys. These are
external characterization theorems [16, Theorems 1.5 and 1.11]; the lecture concentrates on 5 =1, 2.
No additional rigidity assumption is needed in these exact characterizations. Both the complete
hierarchy and the availability of mixed upper- and lower-half-plane arguments are essential to the
formulation used here.

5 Bulk loop equations for real Wigner matrices

Let H = (hij)%-:l be real symmetric. Assume that the upper triangular entries are independent,
centered, and satisfy

Eh?j:%7 E|VNhi " < Cy (42 2),
uniformly in 4, j, N. The choice of diagonal variance is inessential for the limiting argument; here
it is 1/N as in the handwritten notes. The Gaussian orthogonal ensemble usually has diagonal
variance 2/N. Set

1
G(z) = (H — 2I)7!, my(z) = NTrG(z).
Fix E € (-2,2), put 0 = o, and define

SN(w)_iiV;Na(/\i—lE)—erQEa—i(mN<E+J\tfl;>+§)' (5.1)

The real constant E/(20) removes the real part of the macroscopic semicircle transform. It does
not change the associated point measure.

The desired approximate hierarchy is the following: for every fixed p > 1 and compact K C C\R,
uniformly for w = wi,wa,...,w, € K,

E| (Sk(w) + Sx(w)? )ﬁ } (5.2)

Sn(w) — Sn(w;)

p
+2ZE 8wj H SN wk :0(1).
=2 - W 2<k<p
k#j

14
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One useful intermediate version has right-hand side bounded by ex (1 + ER?\,H), where ey — 0 and
Ry = max; |Sy(wj)|. In the Wigner setting, the estimates below also give a direct o(1) bound for
each fixed p, by choosing the local-law exponent sufficiently small. Subsequential limits, moment
bounds, and the characterization theorem then identify the bulk limit.

5.1 Local law, rigidity, and delocalization

For nonnegative random variables X = X and Y = Yy, the notation X <Y means that for every
e, D >0,

P(X > N°Y) < NP
for all sufficiently large N. Uniform stochastic domination means that the same estimate holds
uniformly over the stated deterministic parameters.

We use the standard Wigner local law as an input [14]. For fixed ¢ > 0, let
Dsy={u+in:|ul <3, N7 <p<1}.
Uniformly on this domain,

Im mgc(z) 1
H}%X |Gij(2) — dijmsc(2)] < Tn N777’
1

()~ mac(2)] < 377

The distinction from the global semicircle law is that 7 is allowed to shrink almost to the eigenvalue-
spacing scale. Equivalently, one can count eigenvalues in intervals whose lengths depend on N.

Define the descending classical locations by

2 i— 1
/ Psc(x) dx = 2 i=1,...,N.

The standard rigidity consequence [13, 14] is
X — il < N"2Pmin{i, N +1—i}7/3, (5.4)

This is the size of a local classical gap, up to the arbitrarily small powers of N permitted by
stochastic domination.

The local law also implies complete eigenvector delocalization. Let u, be a normalized eigenvector
with eigenvalue \,. On an event of overwhelming probability, max; ; |Gj;(z)| < 2 throughout Ds.
The spectral theorem gives

Im Gy (u + i "’u“ Ol
m Gy (u +1in) =
a:l + 77

Taking u = Ao and n = N9 yields
ua(i)]? < nIm Gy(Ag +in) < 2N,

Here rigidity ensures that all eigenvalues lie in [—3, 3] with overwhelming probability. Since § > 0 is
arbitrary, maxa ; [uq(i)|* < N1, This scale agrees with 3°; [uq(i)[* = 1.
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Eigenvalues follow the semicircle quantiles Deviation in units of the rigidity scale
2.0 4
1.5 - =
| 2 A
1.0 1 =
o
¢ 051 = 0] IJII.V1|‘ m VH‘ A| J |‘|‘I 1 M L \ I‘IM
S 00 N H ’ I M
¢ o + LT I
= -0.5 1 i -2
C
—1.0 A mE
—1.5 9 = classical locations y; Nz —41
_204 °© GUEeigenvalues A
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
iIN iIN

Figure 8: Eigenvalue rigidity illustrated by one simulated GUE spectrum with N = 1600. Left: descending
eigenvalues and semicircle quantiles. Right: deviations divided by the deterministic scale in (5.4). This finite
sample illustrates the scale; the stochastic bound is a theorem, not a numerical conclusion.

Local-law and microscopic domains A finite net away from the real axis
Schematic; vertical scales are not progortional o o K.
1
o o o o
D5 e o Q‘\ Wj}
N o o o o0
E E + w/(Nog)
L] L L]
N-1+6 1
/ No 6 < nol2
R
-3 0 E 3

Rez

Figure 9: Two schematic diagrams from the convergence argument. Left: the local-law domain Dy and a
microscopic spectral window near E; vertical scales are not proportional. Right: a finite J-net of a compact set
K separated from the real axis by 79 > 0, as used in the tightness argument. The disk is only an illustration
of a compact set; K need not be a disk.
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5.2 Extending entrywise bounds to the microscopic scale

The spectral parameter in (5.1) has imaginary part of order N1, slightly below Ds. The following
deterministic argument bridges that gap. On the local-law event, for |u| < 3 and n # 0,

N§
max |Gep(u+1in)| < 2max< 1, —— ». 5.5
i | Ganlc-+ ) { N\m} (55)

To prove this for > 0, write M (s) = max,p |Gap(u + is)|. For N71+9 < s < 1 the local law gives
M (s) <2, while for s > 1 the operator norm bound gives M(s) < 1/s < 1. Furthermore,
0sG(u +1s) = iG(u + is)%.

Using Cauchy—Schwarz and the Ward identity,

1/2
]88Gab(u + is)\ S <Z ‘Gak’2 Z |Gkb’2>

k k
. vIm Gaa Im be < M(S)
s - s

The function M is locally Lipschitz and satisfies |[M'(s)| < M(s)/s almost everywhere. Integrating
between s and sg = N 119 gives M(s) < M(sg)so/s < 2N°/(Ns) for 0 < s < sg. The lower
half-plane follows by conjugation. Consequently, for fixed K C C\ R,

max
a,b

w
Gab <E + NU)‘ < CgN?, we K, (5.6)
with overwhelming probability.

5.3 An approximate integration-by-parts formula

Let h be a centered real random variable with Eh? = N~!. For a twice continuously differentiable
function f,

Elhf(h) = GELF ()] + R, |RI<E

(1 + ) sup |f”<x>\], (57)

[z|<|A|

provided the displayed expectations are finite. Indeed, Taylor’s formula gives

F0) = £0) + ') + 12 [0 hydt, fw =70 +h [ ane

Taking expectations after multiplying the first equation by h and subtracting N ! times the second
gives (5.7). For a Wigner entry, the coefficient of the supremum has expectation O(N—3/2),

There is one technical point when applying this formula to a resolvent: f”(x) is evaluated after
one entry has been changed from h to z. The bound (5.6) must therefore hold for these modified
matrices as well. This follows from the resolvent identity. On the event |h;;| < N —1/2+2 changing
one independent entry by at most 2N ~1/2%¢ is a perturbation supported on at most two coordinates.
The corresponding two-dimensional inverse has the form (I+V G (i3}, {i,j})*l, which is bounded when
£+ 9 < 1/2. The entrywise bound remains O (N?). Moment assumptions make the complement
negligible; there one uses the deterministic resolvent norm bound ||G(z)|| < |Imz|~'. Thus the
Taylor remainder is controlled uniformly along the entire entry interpolation.
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5.4 Derivation of the first microscopic loop equation

Taking the trace of I = G(H — zI) and dividing by N gives

1+ ZTI’LN ZthGj’L

When ¢ # j, differentiation with respect to the independent entry h;; = h;; changes both symmetric
positions, so

8hijsz‘ =—-Gj;Gy — G?w Ony; Gii = —G?Z-.

Using (5.7), summing over the ordered pairs (4, 7), and using (5.6), we obtain

E[1 + zmy] NQ ZE Oh;;Gji] + Ok (N 1/2+35) + o(1)

= —E[m?\;—I-WTrGQ} —i-fZ]EG”-i-o

=-E [m?\; + me’N(z)} +o(1).

In the first line, the notation 9p,; for ¢ > j denotes differentiation with respect to the same
independent symmetric entry. The second derivative of a resolvent entry is a sum of products of
three resolvent entries. There are N2 terms and an overall factor 1/N, explaining the error N —1/2434
The diagonal correction is Ox (N ~1+29). Choosing § < 1/6 makes both errors vanish. Thus

E|1 4 2ma () + mu(2)? + %mﬁv(z) — o(1). (5.8)

Now put z = E +w/(No). From my(z) = oSy(w) — E/2 and N~1m/y(2) = 028 (w), we find

1
mly = 02(Sh + 1+ Sy) + N

1
+sz—|—mN+N No

because 02 = 1 — E2/4. The last term is o(1) in expectation by (5.6). Dividing by o2 proves

E[Sh (w) + Sx(w)? + 1] = o(1). (5.9)

5.5 How the higher equations arise

The handwritten notes indicate the extension by multiplying the trace identity by additional
resolvents. We record the calculation, since it explains why the full hierarchy is necessary. Multiply
by P = H?:z SN (wj;) before applying integration by parts. The terms where the derivative falls on
Gpa(z) reproduce the first line of (5.2). For an off-diagonal entry,

Ohymn() =~ (G a#b,

whereas the coefficient is —1/N on the diagonal. The main sum is therefore expressed through

my(2) —mn(z)
z — Zj

ZGm G(z)))w = Tr(G(2)G(z)°) = N,
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Here we used G(2)G(v) = (G(z) — G(v))/(z — v). Since O, Sn(w;) = 019y, mn(2;), the extra
terms before rescaling have coefficient 2/(N?c). The substitution z; = E + w;/(No) then gives
exactly the coefficient 2 in (5.2) after division by o2.
For completeness, all remainder estimates remain small for fixed p. Derivatives of a normalized
trace obey
|Oh,,mn(2)] < CeN°, [0f mn(2)] < CxN®

on the event above. To see this, use

| Im G o] Im Glp|

| Im z|

(Pl < Y

and the resolvent derivative formula; normalization by N cancels the factor N. Consequently the
second derivative of Gy, P is bounded by O, k(N (P+2)9) " The summed Taylor remainder is

Op X (N—1/2+(p+2)5> )

Diagonal corrections and the term (z — E)my P are bounded by negative powers of N after choosing
0 > 0 sufficiently small depending on p. The bad event is again negligible by the moment assumptions
and deterministic resolvent bounds. This proves the fixed-order approximate hierarchy (5.2).

6 Moment bounds and tightness of microscopic transforms

We next explain the compactness step in the convergence framework. Two elementary facts are
useful.

First, locally uniform convergence of Nevanlinna functions implies vague convergence of their
representing measures. Thus, if S, — S locally uniformly in C; and p,, u are the measures in (4.3),
then pu, — p vaguely. One way to prove this is to use (4.4) against smooth compactly supported
test functions, first at fixed height and then let the height tend to zero. The bound on Im S, (i)
supplies the uniform local mass and weighted tail bounds needed for this argument. If the u,, are
locally finite integer-valued point measures, so is p (possibly with multiplicities). Simplicity is not
automatic. Neither u, nor u is required to be a probability measure.

Second, from the Nevanlinna representation, for z = u + in with n > 0,

I
15 ()] < d+/ “’(dx)Q _mSG) _1SG) (6.1)
|z — 2| U U
The same bound with || holds in the lower half-plane. Also, for z,v € C\ R,
R

zZ—v x—2)(r—v)?

When v = z or v = Z, its absolute value is at most |S(z)|/|Im z|2.

6.1 Pointwise moment estimates

Fix an integer ¢ > 2 and w € C,.. In (5.2), take p = 2¢ — 1, with ¢ — 2 of the arguments wo, ..., w,
equal to w and ¢ equal to w. Then

Sn(w)? [T S (wy) = [Sn (w)[*,
=2
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The derivative estimates (6.1) and (6.2) give, uniformly when w stays in a fixed compact subset of
the upper half-plane,

B[Sy (w)? < Cy ik |[Sn (w) P77 + [y (w)[772] + o(1).
Young’s inequality absorbs the lower powers into the left-hand side: for every fixed C,

Ct?171 4 C1?172 < —21 4 C,, t>0.

N

Therefore

sup sup E[Sy(w)[* < oco. (6.3)
N weK

The finitely many small values of N can be absorbed into the constant. The case ¢ = 1 follows from
q = 2 by Cauchy—Schwarz, and conjugation handles the lower half-plane. If one uses instead the
relative error en(1 + IER?VH), then in this choice of arguments Ry = |Sy(w)| and p + 1 = 2¢, so
that term is also absorbed for large N.

6.2 Uniform bounds on compact sets

Let K C C\ R be compact and put ny = dist(K,R) > 0. Choose a finite d-net {wy,...,wy} C K
with 0 < § < n9/2. If |z — w;| < 0, the straight line segment joining them stays at distance at least
7o/2 from the real axis. Applying (6.1) along that segment and using Gronwall’s inequality gives

1Sn(2)] < exp(f?‘j) 1S ()]

Consequently,
M
sup |Sn (2)[% < 1%/ N Sy (w;) |2,
zeK j=1
and (6.3) implies
supE [sup SN(z)|2q] < 0. (6.4)
N 2€K

In particular, Markov’s inequality gives compact-uniform bounds in probability. Montel’s theorem,
applied to an exhaustion by compact sets, now yields tightness in the topology of locally uniform
convergence on C \ R. This corrects the handwritten net estimate: a difference bound must be
integrated along a path, and cannot be replaced by a bound having the small prefactor ¢/
multiplying the function itself.

6.3 Passing to the exact bulk loop equations

We now complete the compactness argument. Continue with the centered bulk transform Sy and
microscopic counting measure =y, g defined above. In this subsection write uy = =y, g. For example,
at the center ' = 0, these reduce to

N
[N = 0N, Sn(w) =mpy(w/N),
i=1

since mps.(0) = 1. The normalization gives limiting intensity 1/m, at every bulk energy.
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Assume that the preceding tightness and moment estimates hold. From any subsequence we can
extract a further subsequence along which the analytic functions Sy converge in distribution, locally
uniformly on C\ R. On a Skorokhod coupling we may take this convergence to hold almost surely.
The corresponding particle measures converge vaguely to the pole measure of a particle-generated
limiting function S. This identification uses the compactness statement for particle-generated
functions; local uniform convergence by itself should not be substituted for that statement.

For clarity, consider first § = 1. The limiting identity is

E | (S (w) + S(w)® +1) [ S(wy) (6.5)
j=2
203k |y, 30 =560 { g — 0
j=2 Wi k2o
k]

The variables may lie in either half-plane, and coincident variables are interpreted by analytic
continuation. In particular, (S(w) — S(v))/(w — v) extends to S’ (w) at v = w.

Here is the justification for passing to the limit. Cauchy’s integral formula converts local uniform
convergence into local uniform convergence of derivatives and divided differences. Uniform moment
bounds on every compact set imply uniform integrability of the products appearing in (6.5). For
example, for a finite Stieltjes sum and n = | Imw|,

[Im Sy (w)] _ [Sn(w)]

n n

Sy (w)] <

Also, writing n; = | Im wj],

Sn(w) = Sy (wy) < | fm S (wy)|

8“’]' s .
w wy nn;

Alternatively, the needed bounds follow directly from Cauchy’s formula on slightly larger compact
sets. Thus almost sure convergence of the integrands, together with uniform integrability, gives
convergence of expectations. For an approximate finite-/V identity, its residual must also vanish in
precisely the moment-normalized sense required by the characterization theorem.

The bulk characterization theorem [16] then identifies the pole measure of S as the Sine; point
process. Every subsequence has a further subsequence with this same limit, and consequently the
whole sequence uy converges in distribution to Sinej.

6.4 The bulk hierarchy for general

The scaling calculation is especially transparent at £ = 0. Since Sy(w) = my(w/N), we have
d.my(z) = NSy (w), z=w/N,

and
ma(2) —mn(z) _ ag  Sn(w) = Sn(w;)

Z—Zj w—wj

0,

J
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The Gaussian S-ensemble loop equation therefore becomes

0=

<SN(w)2 +14 (; - 1> Sh (w) + X;SN > E[ ] (6.6)

p
Z (w) — Sn(wy) H S (wp)
=2 wj k=2

w — Wy
k#j

Q\I\D

Under the compactness and moment assumptions, the wSy(w)/N term vanishes. The limiting
hierarchy is

0=E [(S(W 14 (2 _ 1) S'(w)) 11 s<wj)] (6.7)

p
/Bj:2 — W Q;Q
J

The Sineg process satisfies these identities. In the characterization result used in these notes,
uniqueness is available for positive rational 8, within the stated particle-generated class and with
the full hierarchy, including mixed-half-plane spectral parameters. The first equation alone is not a
characterization.

6.5 Recovering correlation functions from the resolvent

Let p = )", 0,, be a simple point process. Its k-point correlation function is defined, when it exists,
by

E Z f@iy, .o xi) / ftr, . te)pr(te, ... ty) dty - - - dty,

i1,...,0f distinct

Thus pg describes the joint intensity of distinct particles, rather than the joint density of arbitrarily
chosen particle labels. For the Poisson kernel

1 n
Pﬂ(t):;tg_i_nQ’

the imaginary part of the resolvent gives
1
;ImS +1in) = ZP T —x;).

A real subtraction used to define a renormalized Stieltjes transform does not affect this formula. In
particular,

E| - ImS(a+in)] = (P« p1) (o).

As n ] 0, this converges to pi(z) at continuity points, under the usual integrability assumption for
the convolution.
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For higher correlations the exact smoothed identity is
k k
E > HPnj(tj*l‘ij)Z/kpk(yl,m,yk)Hpnj(tj*yj)dy-
i1,.0yip, distinct j=1 R j=1
The commonly used notation
k
1 . I
pr(t1, ..., ty) =E H —Im S(t; +i0) (t1,...,t; distinct)

LT
7j=1

is a boundary-value shorthand. It is understood after taking the appropriate limit, for example
distributionally away from the diagonals ¢; = ¢, with sufficient local moment control. An ordinary
product at positive n also contains repeated-particle terms, so these terms must not be silently
identified with a factorial correlation function.

6.6 Why edge loop equations require a smaller error

At the right semicircle edge, use the N~2/3 scale:

N
. w edge _ arl/3 _ 1 1/3
z=2+ N SV (w) =N (my(2) +1) = ;:1 NN —2) —w + N7,
The additive term compensates for mg.(2) = —1. It is part of the normalization, not an additional

particle. Write 73 =2/ — 1 and suppose the first unscaled loop equation has residual

rn(2) = E |1+ 2mp(2) + my(2)? + ﬁm?v(z)] .

A direct substitution, using
m(z) = =1+ NS w),  miy(z) = N2 (ST (w),
gives the exact identity
N*Pry(z) = E[(SH(w))? = w+75(S5%) (w) + N~ 2wS5 (w)] (6.8)
Thus, assuming the required moment control, 7y (z) = o(N~%/3) yields the first edge loop equation
E [S(w)? - w+ 738 (w)] =0.

In particular, for 8 = 1 this is E[S(w)? — w + S"(w)] = 0. An O(N~%/3) residual would only give a
bounded rescaled residual and would not suffice for this conclusion. The Gaussian ensemble has an
exact loop equation, so its ry is zero.

The full edge hierarchy is obtained by including products of resolvents, just as in the bulk.
Subject to the precise compactness, moment, and approximate-equation hypotheses, the edge
characterization theorem for positive rational 3 identifies the limiting pole process as Airygz. This
paragraph explains the scaling of the required error; it does not supply the additional model-specific
estimates needed to verify the full hierarchy.
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7 Random regular graphs and their local geometry

7.1 Two random graph models

The Erdés—Rényi graph G(N, py) has vertex set {1,..., N}, and each unordered pair of distinct
vertices is an edge independently with probability py. Its adjacency matrix A satisfies

Aij = Aji = 1{i 4} is an edges Ay = 0.

The upper-triangular entries are independent Bernoulli random variables. After centering and
normalizing they form a Wigner-type model, although sparsity creates new issues as py tends to
Zero.

A uniform simple d-regular graph is chosen uniformly from the simple graphs on the same labeled
vertex set in which every vertex has degree d. Its adjacency matrix has exactly d ones in each row.
These constraints destroy entrywise independence and introduce correlations throughout the matrix.
We take d > 3 fixed and Nd even unless otherwise indicated.

Spectral information is useful for both models. Outlying eigenvalues and their eigenvectors can
reveal large-scale structure, such as communities in variants of the Erd6s—Rényi model. Random
regular graphs provide a rich family of sparse expanders and also serve as models for spectral
questions motivated by quantum chaos.

An expander is a sparse graph with strong connectivity. For a d-regular graph this can be
expressed by a lower bound on an edge isoperimetric constant, or equivalently up to constants by a
spectral gap. If A has eigenvalues d = 61 > 65 > -- -, a one-sided spectral expansion condition is

d—0;>¢>0

uniformly along a sequence of graphs. A bound on the absolute values of all nontrivial eigenvalues
is a stronger, two-sided condition and also excludes bipartite behavior.

7.2 The configuration model and switchings

To generate a regular multigraph, attach d labeled half-edges to each vertex and choose a uniform

perfect matching of the Nd half-edges. Each matched pair is an edge. The number of matchings is
(Nd—1)!!'=(Nd—1)(Nd—3)---1.

Loops and multiple edges are possible. For fixed d, the standard configuration-model asymptotic [17]

1S
d? -1

) (14 0(1)).

Conditioned on simplicity, the graph is uniform among simple regular graphs: every such graph is
represented by exactly (d!)" matchings. The displayed probability is a standard input here; it is
not proved by the construction alone.

P(the resulting graph is simple) = exp (—

Another useful operation is a simple switching. Choose two oriented edges (u,v) and (z,y)
and replace them by (u,y) and (x,v) whenever this creates a simple graph. Otherwise leave the
graph unchanged. Every vertex keeps the same degree. A symmetric choice of proposals gives
detailed balance with respect to the uniform measure. Adding a holding probability gives a lazy
Markov chain; together with irreducibility, this implies convergence to the uniform regular graph law.
Quantitative polynomial mixing bounds require an additional theorem and do not follow merely
from stationarity.
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Ks is 4-regular

Pair the labeled half-edges

Loops or multiple edges may occur.

Figure 10: Mathematical schematics: a 4-regular graph and the configuration model with three half-edges
per vertex. Pairing may create loops or multiple edges; conditioning on simplicity gives the uniform simple
model.

7.3 The Kesten—McKay law

Normalize the adjacency matrix by
A o d
d—1 d—1

H:

> A2 > 2 AN

The deterministic eigenvalue A; corresponds to the constant vector. The empirical spectral measure
converges to the Kesten-McKay law:

1 N
NZ‘S& = Pd(x)dl'a

i=1
where

dd—1) Vi—z?

pa(z) = Q2 _ (d — 1)2132 o 1{|$\§2} (7.1)

The factor in front of the semicircle density tends to one as d — oo. The top eigenvalue lies outside
[—2,2] for d > 3, but its mass in the empirical measure is only 1/N. The global law alone does not
locate every nontrivial eigenvalue: controlling the spectral gap or the extreme eigenvalues requires
further estimates.

7.4 'Tree neighborhoods

The local geometry explains the appearance of (7.1). Let B,(v) denote the induced ball of graph
radius r around v. Fix 0 < ¢ < 1 and put

c
r= Ll log,;_4 NJ .

With probability tending to one, the following hold:
1. All but at most N¢ vertices have a tree neighborhood B, (v).
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Figure 11: Twelve independent uniform simple cubic graphs on N = 1000 vertices, normalized by v/2. The
histogram of nontrivial eigenvalues is compared with the Kesten—-McKay density; the trivial eigenvalue is
marked separately.

2. Every radius-r neighborhood has at most one cycle.

Here a connected graph has at most one cycle if its excess |E| — |V| + 1 is at most one.

These claims follow by exploring the configuration model. A radius-r exploration reveals O((d—1)")
half-edges. A collision occurs when the next matching partner belongs to the part already explored.
The probability of at least one collision at a fixed root is O((d — 1)?"/N) = O(N¢/?~1). Hence
the expected number of roots with a non-tree ball is O(N ¢/ 2), and Markov’s inequality gives the
first claim. Two collisions at a fixed root have probability O((d — 1)*"/N?) = O(N®"2). A union
bound over roots gives the second claim, since ¢ < 1. Conditioning on simplicity preserves these
high-probability statements because its probability stays bounded away from zero.
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Tree neighborhood Unicyclic neighborhood

root 0; 22 vertices, 21 edges root 12; 22 vertices, 22 edges

Figure 12: Actual radius-three neighborhoods in the first simulated cubic graph. One is a tree and one is
unicyclic; the extra edge is highlighted. These are sampled neighborhoods, not abstract tree drawings.

8 Tree Green functions and the global spectral law

8.1 The regular tree and the cavity tree

Let Xy be the infinite d-regular tree. Let ); be the rooted tree obtained by cutting an edge of Xy
and taking one component: its root has d — 1 children, and every other vertex also has d — 1 children
in addition to its parent. On both trees each edge has weight 1/v/d — 1. Their adjacency operators
are bounded and self-adjoint, so the resolvent and Schur-complement identities apply for z € C \ R.

Write h(z) for the root diagonal resolvent on );. Removing the root leaves d — 1 disjoint copies
of the same rooted tree, and the Schur complement gives
1 1

e === (d—1D)h(z)  —2-h(z)

The solution with positive imaginary part for z € C4 and h(z) ~ —1/z at infinity is

—z4+Vz22—4

h(z) = msc(2) = 5

The square-root branch is chosen by v/22 — 4 ~ z at infinity.

The root of X; has d branches. Consequently its diagonal Green function is

1
ma(z) = S L) (8.1)

Taking 7! Im my(x + i0) recovers (7.1).
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Xs3: root degree 3 Y3: cavity root degree 2 A ball and its exterior edges

(o] o

Figure 13: Deterministic tree schematics. A full root has d branches, a cavity root has d — 1, and a finite
ball acquires boundary self-energies when its exterior is eliminated by a Schur complement.

The off-diagonal entries are also explicit:

Mee (2 dist(u,v)
Gl(2) = matz) (-2 ) T (52)

G(2) = mz) (-2 (8.3)

dist(o,u)
d— 1)

Indeed, at each step along the unique path, the off-diagonal Schur-complement formula contributes
a factor —mgc(z)/v/d — 1. Tterating gives the displayed formulas. They exhibit exponential decay in
graph distance.

8.2 Why one vertex is too small a neighborhood

For a finite regular graph, remove a vertex o and let G(°)(z) be the resolvent of the resulting minor.

The exact identity is
1

—Z - ﬁ Zuwo vao Gi(lov) (Z) '

For fixed d, the denominator contains only finitely many neighbors, so there is no averaging over a
growing number of terms at this stage. This is why the usual large-degree concentration heuristic
does not immediately yield a local law. We instead take the Schur complement of a larger, tree-like
neighborhood.

Goo(2) =

8.3 The Schur complement of a ball

Suppose T' = B,.(0) is a tree. Partition the vertices into T" and its complement, and write

H:(fg g), G ()= (D —2)L.

Here B contains the normalized adjacency entries crossing the boundary. The compression of the

full resolvent to T is
Gr(z) = (Hr — z— B*GT(2)B) . (8.4)
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The compression G is not the resolvent (Hr — z)~! of the induced subgraph.

Let OT be the vertices at distance r from o, and let Iy be the diagonal projection onto these
vertices. If the exterior consisted of disjoint infinite cavity trees, each of the d — 1 external edges at
a boundary vertex would contribute mg.(z)/(d — 1) to the diagonal self-energy. The total would be
msc(2), with no off-diagonal terms. Thus the comparison matrix is

P(z)= (Hp —z — msc(z)IaT)_l.

It is exactly the compression to T of the infinite-tree resolvent, so

Pu(2) = ma() (_ m(sic(_z)l)dist(u,v) |

For the actual finite graph define the boundary error
A=BGB —melyp, Gr= (P '—A)"

Its entries are

T
Aw=5—5 > Gy —mulieor).
a¢T, a~u
bgT, b

In particular, A is supported on 07 x 0T

8.4 A rigorous macroscopic comparison

The formal expansion Gy = P+ PAP + - -- is useful intuition, but its Neumann series need not
converge. An exact two-step resolvent identity avoids that issue:

Gr— P = PAP + PAGTAP. (8.5)
For z = E + in with > 0, we have |G| < n~! and
1B d?
A< 20 () < —5— 41
jal < By e < 5

The last bound uses || B|| < ||H|| < d/v/d — 1. Consequently,

2
oo — mal < (HAH n ”An” ) S [Pl (8.6)

uedT

Since |0T| = d(d —1)"~! for r > 1,

d r
Z | Pou|® = ﬁ|md(2)‘2’m50(2)‘2 :
uedT

For every fixed z € C4, |mgc(2)| < 1, so
|Goo(2) — ma(2)| < Cglmse(2)]* = o(1) asr — oco.

The same argument handles entries G, when wu,v stay in a fixed smaller ball around o: their
distance from the boundary still tends to infinity.
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Average the diagonal estimate over roots with tree neighborhoods. On the high-probability event
above there are at most N¢ remaining roots, and |Go(2)| < n~! for all of them. Therefore

Imn(2) = ma(2)| < Cazlmse(2)P" + N ™t + [ma(2)]) — 0

in probability, for each fixed z € C,. The Stieltjes continuity theorem proves the global Kesten—
McKay law. Because r is a positive multiple of log N, this argument even gives a polynomial error
at a fixed spectral parameter, with an exponent that depends on that parameter. It is not a proof
of a local law down to a microscopic imaginary part.

8.5 The role of local resampling

For a sharper result one must use the randomness of the exterior self-energy. Heuristically, a typical
exterior endpoint has Gg) /A Mg, While resolvent entries between well-separated exterior endpoints
should be small. Neither assertion follows just by removing the neighborhood; they are targets of

the local resampling argument.

Enumerate the edges leaving T as
(gavaa)v I<ac<upy, /‘:d(d_l)T’

where ¢, € 0T and a, ¢ T. For each such edge, choose a distant oriented edge (by,cq) in the
exterior, and perform the switching

(lasaq), (basca) +— (Lo, ca), (aa,ba)-

The internal tree T is preserved and the exterior endpoints attached to its boundary are randomized.
Admissibility conditions are needed to avoid loops, multiple edges, and interference between selected
switchings. The next part of the notes develops how this operation can be used to estimate the
boundary error and derive a local law.

9 Expansion, spectral gaps, and Ramanujan graphs

In this section we first work with the unnormalized adjacency matrix A of a connected d-regular
graph G = (V, E), where |V| = N. Write its eigenvalues as

d=p1>pe >+ > un.

The constant vector is an eigenvector with eigenvalue d. The gap d — s measures how difficult it is
to separate the graph into two large pieces.

9.1 The Cheeger constant

For S C V, let E(S,S°) be the set of edges with one endpoint in S and one endpoint outside S.
Define B(S, 5¢ (S, 5°
WG) = min &SN [EGSY]
o#£Scv min{|S|, |S¢|}  o<|s|i<n/2z |5

A connected finite graph has A(G) > 0. A small value signals a bottleneck: comparatively few edges
join a set of vertices to the rest of the graph. A family of graphs of a fixed degree d is an expander
family if its Cheeger constants are bounded below by a positive constant independent of the number
of vertices.
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Theorem 9.1 (Discrete Cheeger inequalities). For a connected d-reqular graph,

d— p2

< h(G) < /2d(d — ). (9.1)

Consequently, for fized d, a family is an expander family if and only if its spectral gaps d — pg are
bounded below by a positive constant.

Proof. Put L = dI — A. Every sum over {i,j} € E below counts an undirected edge once. The
variational characterization is

TL .. Vi — Vi 2
d— f1g = min % — mi Z{z,]}GE( 12 J) ‘ (92)
vll1l, v#0 HU||2 vll, v#0 i V;

Indeed, vTAv = 23 1ijyep viv; and each vertex has degree d. Choose S realizing h(G), with
s =|S| < N/2, and set
{3_1, 1 €S,
v =

—(N—-98)71, ig¢s.
Then ), v; = 0, and its Rayleigh quotient is
[E(S, S (st + (N —s5)"1)? _ |BE(S,8)] N

sl (N —s)71 - s N —s < 20(G)-

This proves the first inequality.

For the second inequality, let v 1 1 satisfy Lv = yv, where v = d — us. After replacing v by —v
if necessary, its positive part u; = max{v;, 0} is nonzero and is supported on at most N/2 vertices.
Truncation gives

Yo (wi—wy)* < > (w—uy)(vi—vy) =Y wi(Lv)i =7 uj.
{ij}eE {i,j}eE i i

For S; = {i : u? > t}, integration over level sets gives

> =l = B, S) = h@) [ 15ide=h(@) X ud.

{ijteE g

On the other hand, Cauchy—Schwarz and regularity imply

1/2 1/2
> |U?—U?!§< > (Ui_uj)Q) ( > (Ui+uj)2> S\/%Zuf

{i,j}eE {i,7}€FE {i,j}eE

Canceling >, u? proves the claim. This proof also explains the picture in the handwritten notes:
level sets of an eigenvector associated with po supply candidate cuts. A threshold other than zero
may be needed. O

There is a useful L' form of expansion. For every real function f on V, the same level-set
argument gives
(

h(G)

N > = HI 2RO - fil = =7 DI — il (93)
{ijteE i<J 0J

For example, at a level set of size s, the two sums count the boundary edges and s(IN — s) separated

vertex pairs, respectively; the inequality follows from s(N — s) < N min{s, N — s}. The factor 1/2
on the right is necessary when vertex pairs are ordered.
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A cut with two crossing edges The same cut with eight crossing edges

S S¢ S S¢

|0S]/|S| =2/8 |0S]/|S| = 8/8

Figure 14: Two cuts in cubic graphs: a bottleneck with two crossing edges and a cut with eight crossing
edges. These are illustrative cuts, not a computation of the global Cheeger minimum. Expansion compares
every cut with the smaller number of vertices on its two sides.

9.2 The largest possible spectral gap

For fixed d, the Alon—Boppana theorem [18] states that a growing family of d-regular graphs cannot
have ps uniformly below 2v/d — 1. One diameter version, sufficient for the discussion here, is

_ % diam(Q) = max dist(i, j).

>2vVd—1-—
H2 = diam(g)’ 1,jJEV

The variational idea is to construct test vectors supported near vertices far apart and compare their
Rayleigh quotients with those of a large truncated regular tree. This is a theorem being quoted,
rather than a consequence of the short test-vector calculation above.

A connected d-regular graph is called Ramanujan if every nontrivial adjacency eigenvalue satisfies
|yl < 2vd - 1.

Here d is always trivial, and —d is also trivial when the graph is bipartite. Thus one excludes the
eigenvalues of absolute value d in this definition. Ramanujan graphs attain the asymptotically
optimal spectral bound at both ends of the nontrivial spectrum.

The notes mention two construction methods. The number-theoretic constructions of Lubotzky—
Phillips—Sarnak [19] yield explicit families, including degrees d = p + 1 for suitable primes p
(in their classical presentation, p = 1 (mod 4)). The interlacing-polynomial method of Marcus—
Spielman—Srivastava [20] gives infinite families of bipartite Ramanujan graphs for every integer
d > 3.

The second method can be pictured as a tower of two-lifts. Replace each vertex v by (v,0), (v, 1).
For each edge {u,v}, choose either the two parallel edges {(u,0), (v,0)},{(u, 1), (v,1)} or the two
crossed edges {(u,0), (v,1)},{(u,1), (v,0)}. Degrees remain unchanged. The spectrum splits into
the old adjacency spectrum and the spectrum of the signed adjacency matrix specifying these
choices. For a bipartite base, their theorem supplies a choice for which the new eigenvalues obey
the two-sided Ramanujan bound. Starting with K, 4 therefore gives

d,d 1 2 T
K, — g — g —

~— ~—
2d vertices 4d vertices 8d vertices

where each arrow is a two-to-one covering map.
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9.3 Random graphs and the two spectral edges

Return to the normalization

A N 4, =1

H= ) j = )
d—1 d—1

The nontrivial Ramanujan interval is now [—2,2|. For a uniformly random simple d-regular graph,
with fixed d > 3 and Nd even, the edge universality theorem of Huang—McKenzie-Yau gives
(AgN)?P(Ng —2) = TW,. (9.4)

The lower edge has the same limiting law after reflection. The two limiting edge fluctuations are
independent [11]. Consequently, if F} is the distribution function of TWy,

Py <2) — F1(0) ~ 083, P\ <2, Ay > —2) — F1(0)? ~ 0.69.

The second event, rather than the one-sided event alone, gives the Ramanujan property for the
typical nonbipartite random graph. These are limits as N — 0o, not exact percentages at finite V.

.09 e ——————
>
=
3 0.8 A
(o]
Q
o
o
_GEJ 0.6 A
-
o
E
S 0.4
(@]
©
D
[—-
g' 0.2 1 = cubic graph, upper edge (N =1000, M = 200)
L = cubic graph, reflected lower edge

== finite GOE (N =800, M = 3000)
0.0 T T T T 1

-6 -4 -2 0 2 4
Scaled edge fluctuation

Figure 15: A finite-size simulation of the two edges. The graph sample consists of 200 independent
uniform cubic graphs on N = 1000 vertices; the horizontal variable is (6N)%/3(\y — 2) at the upper edge and
(6N)?/3(—An — 2) at the lower edge. The comparison curve uses 3000 finite GOE samples of dimension 800.
The observed two-edge Ramanujan fraction is 0.795 (Monte Carlo standard error approximately 0.029). Its
difference from the asymptotic value near 0.69 illustrates the finite-size effect and must not be mistaken for a
new limiting value.
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10 Local resampling and the cavity self-consistent equation

10.1 Two resolvent averages

Write G(z) = (H — z)~! and use G for the resolvent after deleting vertex i. Besides the usual
Stieltjes transform, introduce the average cavity Green function

:%ZG%(Z), (2) Nd Y 6z (10.1)

(i.4)€E
where E consists of the Nd directed edges. Deleting the parent of a vertex changes a regular tree

into a rooted (d — 1)-ary tree. Accordingly, the deterministic approximations are different:

1

—z — %msc(z)'

mN(Z) ~ md(z)7 Q(Z) ~ msc(z)v md(z) =

Here mg. = (—2z + V22 — 4) /2, with the branch for which mg.(z) ~ —1/z at infinity. In particular,
mg must not be replaced by ms. when the degree is fixed.

For context, a convenient weak form of the local law is as follows. Fix d > 3, § > 0, and a
spectral window | Re z| < 2 + k4, where 0 < kg < d/v/d — 1 — 2. There are small positive constants
¢, a such that, for r = |clog,_; N |, with probability tending to one,

m(2) = ma2)] + Q(z) — mee(2)| < N7%, (10.2)
max |Gy () = Piy(B ({3 3}), 2)| < N

uniformly in that window for N 140 < Im 2z < 1. In this statement P is the resolvent of the local
graph with infinite regular-tree branches attached to restore the missing degrees. Unlike a single
universal tree, it retains any cycles in the local neighborhood. This local law is an input to the
discussion below [12].

The handwritten estimate (log N)°((d — 1)~"/2 + (Nn)~/4), with i = Im 2, describes the two
expected sources of a weak error: a finite-depth error and a sampling error. The precise uniform
local-law theorem includes stability and graph-geometry conditions; the short resampling argument
below is an explanation of its mechanism, not a proof of that theorem.

10.2 A finite-tree fixed-point map

Let Y, be the rooted (d — 1)-ary tree of depth r, with root o, and all edge weights equal to 1/v/d — 1.
At each leaf place a self-energy A. Equivalently, for r > 1 define

fr(8) = (Hy, =z = Alpy,),,
For 7 = 0 the same convention means fy(A) = (—z — A)~!. Eliminating the leaves by the Schur
complement gives the particularly simple recursion
-1

Fuw)im o (A) = FEU(A), (10.3)

Since m = mgc(z) satisfies m = F,(m), this proves the exact identity
fr(msc) = Mge-
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For a full d-regular root with a depth-r neighborhood, the corresponding map is

-1
(A= ——— (Mse) = my. 10.4
e s R (10.4)

Thus the natural random-graph self-consistent relations are

Q~ fr(Q), my ~ xr(Q).

Selecting the solution near mg. also requires the resolvent sign, large-z behavior, and stability; an
approximate fixed-point identity alone does not identify the desired branch.

To connect this recursion with the block-matrix picture in the notes, partition a graph into a
neighborhood T' and its complement:

Hr BT IR
H:<BT D), Glr = (Hr —z— BT (D —2)7'B)~..

On an infinite tree the outside branches are disjoint. Therefore the boundary self-energy is diagonal;
each leaf receives (d — 1) equal contributions mg./(d — 1), totaling mg.. This explains exactly why
the boundary value in (10.3) is the semicircle transform even though the full-root value is my.

10.3 Switching the boundary edges
Let T be a tree neighborhood and enumerate its outgoing boundary edges as
(Lo, aq), 1<a< M, lo €T, aq¢T.

The number M is of order (d — 1)"+! for a depth-r neighborhood. Choose directed edges (ba, o) in
the rest of the graph and perform the switch

{{la,aa},{ba,ca}} —  {{la,ca},{ba,aa}} (10.5)

Every participating vertex loses and gains one edge, so degrees are preserved. If endpoints collide or
one of the new edges already exists, the proposal must be rejected. Geometrically, the neighborhood
is replanted at random distant vertices cy,...,cs-

For this interpretation to be useful, the chosen locations should have tree neighborhoods and
should be separated from each other and from the original neighborhood. If all but N¢ vertices have
a tree neighborhood of a prescribed radius R, elementary exposure bounds have the schematic form

Ne |F|(d—1)*F
P(a specified sampled location is bad | G) < ~ + ||(N)’
where F is the previously exposed set. A union bound is also needed over the M proposals.
Taking the radii to be sufficiently small multiples of log,;_; N makes the total error small. The
precise exponent depends on the separation convention; it is not automatically N~ for every
logarithmic radius.

The resampling procedure is arranged so that the original and resampled graphs G, G form an
exchangeable pair:

(9,6) = (G.0). (10.6)
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Before: two disjoint edges After: all degrees preserved
\% al,/ 2
E—
ba Ca ba CO’

A N

Figure 16: The elementary switching in (10.5). The internal neighborhood stays fixed while its attachment
point moves from a to c¢. Both graphs have the same vertex degrees.

The mechanism is a measure-preserving involution on the augmented space consisting of a graph
together with its sampled switching data. For one switch, the reverse data use the edges ({4, cq)
and (by, aq), and switching again returns the original graph. Uniform sampling gives equal weights
to the forward and reverse marked configurations. For several switches, the eligibility rules must
themselves be invariant under this reversal. Involutivity of the edge replacement alone is not
sufficient if arbitrary, nonsymmetric rejection rules are imposed. The fully specified local-resampling
construction has this reversibility property [11].

10.4 What the first-order resolvent expansion explains

Consider a cavity neighborhood T, with the parent i of o removed. All block decompositions in
this subsection are taken inside the parent-deleted graph. After resampling write its boundary

self-energy as o o~
BTGTUNB = Qlyr + A, Rg = (Hp—2z—Qlar) ™"

For leaves u, v, the entries of the error are

1 ~(TU{i
Buw = 5— Yoo > GIU —Q1,.,.

ailo=u Bilg=v
The exact two-step resolvent identity is

GY|pr = Rg + RoARg + RgARQAGY 7. (10.7)
It follows that

GY = £,(Q) + Z (RQ)ouluv(RQ)vo + an exact quadratic remainder.
u,vedT

A convergent infinite Neumann series requires an additional norm bound; (10.7) does not.
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At the deterministic value Q = msg., the cavity tree kernel is

dist(o,u)
m ) (10.8)

(Bu)ou =m ("

The minus sign comes from the convention G = (H — z)~!. For leaves at depth r, its magnitude
is at most (d — 1)~"/2, since |m| < 1. Thus the linear correction is a weighted average of roughly
(d — 1)?" boundary resolvent entries.

The diagonal and off-diagonal terms have different cancellation mechanisms. For a uniformly
sampled directed edge (B, C) of a fixed graph,

Epo)Gie = Q

is an exact identity. An average over independent samples would therefore have a centered diagonal
contribution and a square-root sampling gain. For the off-diagonal part, if U,V are independent
uniform vertices of a fixed graph, then

1 ¢ 1
BuyGuy = gl G1= N(d/v/d—1-z)

1 Immpy(z)
Evv|Govl’ = <5 D |Gul* = — 2.
N2 o Nn

(10.9)

The first identity uses the constant eigenvector, and the second is the Ward identity. Near the
nontrivial edge 2, the denominator in the first line is bounded away from zero for fixed d, so this
average is O(N1).

These computations motivate the rough relation recorded in the notes,
Q — f-(Q) of size roughly (d — 1)_””/2 + (Nn)_l/Q,

up to logarithms, stability losses, and geometry errors. They are not by themselves a proof: the
entries of G(TV{}) depend on the same sampling data as the locations c¢,, and the cavity minors
differ from the full resolvent used in (10.9). One must control these dependencies, the quadratic
remainder, exceptional switches, and high moments. The local law and the sharper loop equations
require this additional resampling analysis.

11 The first edge loop equation

The preceding self-consistent equation gives the leading deterministic behavior. At an edge, the next-
order correction has the same size as the fluctuations one is trying to study. The final handwritten
page illustrates this using the first loop equation.

For the standard GOE normalization, Gaussian integration by parts gives

E 1+sz(z)+mN(z)2+%8sz(z) =0. (11.1)

For a general Wigner matrix, additional cumulant errors may be present. The derivative term shown
here is the real-symmetric (8 = 1) correction; it is absent in the corresponding exact GUE (5 = 2)
identity with its standard normalization.
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For random regular graphs, the corresponding first refined identity near the right edge has the
structure
A
r+1

1
(Q — f+(Q)) + —8.mn| = a controlled smaller error. (11.2)

E
N

This refinement is an input from the local-resampling analysis [11]; it does not follow merely by
inserting the rough error bound from the previous subsection. We now explain the deterministic
Taylor algebra that converts it into the familiar edge loop equation.

11.1 Taylor expansion of the finite-tree maps
Put m = mg.(2), u = Q —m, and k = r + 1. Since
E.(m +u) = m +m?u +m3u® + O(u?),

iteration of (10.3) yields
k=1
fr(m +u) = m + m*u + m?+ Zmzj u? + O (u?). (11.3)
=0

To check the quadratic coefficient, write an iterate as m + agu + byu® + O(u?). Then apy1 = m2ay,
and bg1 = m?by + m3a?, with ag = 1,by = 0. This gives exactly the displayed finite sum. Similarly,

d
Xr(m+u) —mg = dfmim%u + O, (u?). (11.4)

Set s = v/z — 2, using the branch inherited from the upper half-plane. As z — 2,

m=—1+s+0(s%), m? =1—2s+ O(s?), (11.5)
md——m+Ad5+O(S )

For fixed r, substitution into (11.3) gives

Q- 1(Q) = 2su + u? + O, (|s*|u] + |s||ul* + [ul?). (11.6)
r+1
The factor r + 1 has a simple origin: at m = —1 each of the r + 1 iterations contributes the same

quadratic term. Also (11.4) becomes
Xr(Q) = ma = Agu + Oy (|s]lul + |uf?).

Together with the suitably accurate approximation my =~ x,(Q), this identifies my — my with
Ai(Q — m) to leading order. If r grows with N, the remainder constants must be tracked; the
fixed-r notation O, alone does not justify a growing-radius argument.

Substituting these relations into (11.2) gives the first edge loop equation in the form recorded in
the lecture:

E |(my — mg)? +244Vz — 2 (my —mg) + %ﬁsz = o(N72/3). (11.7)

Here z = 2 + w/(A4N)?/3 with w in a fixed compact subset of CT. The o(N~2/3) is the precision
supplied by the full refined resampling argument, not an error bound proved by the preceding Taylor
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calculation. At the microscopic scale z — 2 =< N~2/3 all three principal terms are of order N~2/3.
Hence an error that is only o(1) is inadequate: the error in this identity must be negligible relative
to N~2/3. The theorem establishing the requisite estimates, and the higher loop equations needed
to identify the full limiting edge process, are separate parts of the edge-universality proof. The
calculations above explain the normalization and the first equation without treating those missing
estimates as established by a formal expansion.

The scale factor can also be checked directly. Set
w N1/3 d—1
=2 o Sv) = (mx2)+573).
The poles of Sy are the rescaled graph eigenvalues (AgN)?3(\; — 2), each with residue —1. Using
(11.5) in the refined identity and dividing by Aé/ S N—2/3 gives, under the requisite moment bounds,

E[Sy(w)? — w + Sy (w)] = o(1).

This is precisely the first Airy; loop equation. The trivial graph eigenvalue moves to +o0o in these
coordinates and has a vanishing resolvent contribution on compact sets; edge statistics concern the
nontrivial eigenvalues.

A Numerical experiments and reproduction

Every numerical picture in these notes is a new computation. The original handwritten pictures are
qualitative sketches and do not specify datasets that can be recovered exactly. Random samples,
deterministic evaluations, and graph schematics are distinguished in the captions.

Experiment Parameters and method

Semicircle and local scales GOE/GUE: N = 1600, five samples per ensemble; exact Gaussian beta
tridiagonal model. Seed 2026101201.

Edge fluctuations N = 800, 3000 samples for each 5 = 1,2,4; six largest eigenvalues
retained. Seed 2026101202.

Rigidity First GUE realization above; descending midpoint semicircle quantiles.

Last-passage percolation 24 x 24 independent mean-one exponential weights; exact dynamic
programming. Seed 2026101203.

Increasing subsequence Uniform permutation of 90 elements; exact longest increasing subse-
quence. Seed 2026101204.

Billiards Specular reflections; two circle rotation numbers 2/7 and (V5 —1) /4;
Sinai table [—1,1]? minus a radius-0.30 disk.

Regular graphs 200 simple cubic graphs on 1000 labeled vertices; 12 complete spectra.
Exact configuration-model rejection. Seed 260612.

Airy and zeta plots Deterministic special-function evaluations; the zeta picture uses the

first 40 computed nontrivial zeros.

The Gaussian ensembles are generated by (1.11), and the tridiagonal eigenvalue solver is used
instead of forming dense matrices. This changes computational cost but not the eigenvalue
distribution. For each graph sample, all Nd labeled half-edges are paired uniformly. If any
loop or multiple edge occurs, the entire pairing is rejected and a new one is drawn. Each simple
labeled graph has exactly (d!)" representations, so accepted samples have the desired uniform law.
The experiment needed 1581 pairing attempts for its 200 accepted graphs.
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The edge density curves are kernel density estimates with Scott bandwidth. The graph comparison
uses empirical cumulative distribution functions. The observed two-sided event Ao < 2, Ay > —2
occurred in 159 of 200 graph samples, giving 0.795 with estimated Monte Carlo standard error
v/0.795(1 — 0.795)/200 ~ 0.0285. This estimates the finite-N probability; it does not remove
finite-size bias or test a convergence rate toward F}(0)2.

The companion source archive contains the single main LaTeX file, all figure PDFs and PNGs,
the Python scripts, and raw numerical arrays. Run the scripts from the archive directory in the
following order:

python3 simulations.py

python3 graph_simulations.py
python3 framework_diagrams.py
python3 zeta_zeros.py

pdflatex rmt_lecture_notes.tex
pdflatex rmt_lecture_notes.tex

The main numerical dependencies are NumPy, SciPy, Matplotlib, and mpmath. The exact versions
used for the main matrix computations and the seeds are recorded in data/metadata. json; graph
parameters are in data/graph_parameters. json. Raw arrays are stored in the data directory.
Figures are also supplied, so compiling the notes does not require rerunning the simulations.
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